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1. Solution of partial differential equation

u u
2 u

x t

∂ ∂
= +

∂ ∂
,where u(x,0) = 6e

–3x is 

DebefMekeâ DeJekeâueve meceerkeâjCe 
u u

2 u
x t

∂ ∂
= +

∂ ∂
keâe nue 

peyeefkeâ u(x,0) = 6e
–3x nw- 

(a) 6e
–(2x+3t)

(b) 6e
–(3x+4t)

(c) 6e
 (3x+4t)

(d) 6e
 –(3x+2t)

Ans. (d) : 6e
 –(3x+2t)

Given 
u u

2 u
x t

∂ ∂
= +

∂ ∂
Let u = X(x)T(t), where X is a function of x only and T 
is a function of t only.  

Now given equation can be written as,  

( ) ( )X(x)T(t) 2 X(x)T(t) X(x)T(t)
x t

∂ ∂
= +

∂ ∂

or ( ) ( )d d
T(t) X(x) 2X(x) T(t) X(x)T(t)

dx dt
= +

On separating the variables we have, 

1 dX 2 dT
1 C

X dx T dt
= + =  

⇒
1 dX 2 dT

C & 1 C
X dx T dt

= + =

⇒
dX

CX
dx

= &
dT T CT

dt 2 2
+ =

⇒ DX – CX = 0 & DT –
C 1

2 2

 − 
 

T = 0

⇒ A.E. is m – C = 0 & A.E. is m–
C 1

2 2

 − 
 

 = 0

⇒ m = C ⇒ m =
1

2
(C – 1) 

⇒ X = ae
Cx  ⇒ T = 

1
(C 1)t

2be
−

Then we get from u = X(x)T(t) 

u = ae
Cx

1
(C 1)t

2be
−

⇒ u = 
1

Cx (C 1)t
2abe

+ −

Because u(x, 0) = 6e
–3x

 we have from above 

6e
–3x

 = abe
Cx 

⇒ ab = 6 & C = –3 

Thus u = 

1
-3x + (-3 -1)t

26e

⇒ u = 6e
–3x–2t

 , which is the required solution.

2. Transformation of Laplace differential 
equation

2 2

2 2
0

x y

   ∂ ν ∂ ν
+ =   

∂ ∂   
into polar form  r, θ in R

2
.

where ν ≡ ν (x, y), is

ueehueeme DeJekeâue meceerkeâjCe 
2 2

2 2
0

x y

   ∂ ν ∂ ν
+ =   ∂ ∂   

 keâe 

™heeblejCe OeÇgJeerÙe ™he r, θ ceW (pees efkeâ R
2 ceW nw) 

peyeefkeâ ν ≡ ν (x, y). 

(a)
2 2

2 2 2

1 1
0

r r r r

∂ ν ∂ν ∂ ν
+ + =

∂ ∂ ∂θ

(b)
2 2

2 2 2

1 1
0

r r r r

∂ ν ∂ν ∂ ν
− + =

∂ ∂ ∂θ

(c)
2 2

2 2 2

1 1
0

r r r r

∂ ν ∂ν ∂ ν
− − =

∂ ∂ ∂θ

(d)
2 2

2 2 2

1 1
0

r r r r

∂ ν ∂ν ∂ ν
+ − =

∂ ∂ ∂θ

Ans. (a) : 
2 2

2 2 2

1 1
0

r r r r

∂ ν ∂ν ∂ ν
+ + =

∂ ∂ ∂θ
Laplace's equation is given by 

2 2

2 2
0

x y

   ∂ ν ∂ ν
+ =   ∂ ∂   

Here x, y are cartesian coordinates in plane. 

The expression 
2 2

2 2
x y

   ∂ ν ∂ ν
+   ∂ ∂   

is called Laplacian of ν.

Laplacian of ν ≡ ν(x, y) in polar coordinates  r, θ
defined by x = r cos θ, y = r sin θ; thus

r = 2 2x y ,+
y

tan
x

θ =

By the chain rule we obtain 

νx = νr rx + νθ θx

Subscripts denoting partial derivatives.   

Differentiating once more with respect to x gives 

νxx = (νrrx)x + (νθθx)x

= (νr)xrx + νrrxx + (νθ)xθx + νθθxx 

= (νrrrx + νrθθx) rx + νr rxx + (νθrrx+ νθθθx )θx+ νθθxx ...(1) 

Also, by differentiation of r and θ we find

rx = 
2 2

x

x y+
 = 

x

r
, θx = 2 2 2

1 y y

x ry
1

x

 − = − 
  +  

 
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Differentiating again we obtain 

rxx=
2 2

x
xx x2 3 3 3 4

r xr 1 x y 2 2xy
, y r

r r r r r r

−  = − = θ = − − = 
 

Substituting all these expressions in the equation (1). 
Assuming continuity of the first and second partial 
derivatives we have νrθ = νθr  and by simplifying

νxx = 
2 2 2

rr r r2 3 4 3 4

x xy y y xy
2 2

r r r r r
θ θθ θν − ν + ν + ν + ν

Similarly 

νyy = 
2 2 2

rr r2 3 4 3 4

y xy x x xy
2 r 2

r r r r r
θ θθ θν + ν + ν + ν − ν

By adding we obtain the Laplacian of ν ≡ ν(x,y) in
polar coordinates 

2 2

2 2 2

1 1

r r r r

∂ ν ∂ν ∂ ν
+ +

∂ ∂ ∂θ

Thus, Laplace's equation 
2 2

2 2
0

x y

   ∂ ν ∂ ν
+ =   ∂ ∂   

 into polar 

coordinates is 
2 2

2 2 2

1 1
0

r 2 r r

∂ ν ∂ν ∂ ν
+ + =

∂ ∂ ∂θ
3. The solution of the Volterra integral equation

( ) ( ) ( )∫
x

0
y x = 1 + x - t y t dt, when y0(x) = 0, is

Jeesušsje meceekeâue meceerkeâjCe

( ) ( ) ( )∫
x

0
y x = 1 + x - t y t dt,  peyeefkeâ y0(x) = 0 keâe 

nue nw- 
(a) y (x) = sinh x (b) y(x) = cos x

(c) y(x) = sin x (d) y(x) = cosh x

Ans. (d) : y(x) = coshx 

Given  y(x) = 1+ ( )
x

0
x t y(t)dt−∫ and y0(x) = 0

On comparing with y(x) = f(x) + λ
x

0
k(x, t)y(t)dt∫  we

obtain 

f(x) = 1 , λ = 1 , K(x, t) = x – t
The n

th
 order approximation is given by 

yn(x) = f(x) + λ
x

n 1
0

k(x, t)y (t)dt−∫
or yn(x) = 1+ 

x

n 1
0

(x t)y (t)dt−−∫
Now n=1 gives 

y1(x) = 1+ 
x

0
0

(x t)y (t)dt 1− =∫
n = 2 gives 

y2(x) = 1+ ( ) ( )
x

1
0

x t y t dt−∫
( )

x

0
1 x t dt= + −∫

x
2 2 2

2

0

t x x
1 xt 1 x 1

2 2 2

 
= + − = + − = + 

 
n = 3 gives 

y3(x) = 1+ ( ) ( )
2

x x

2
0 0

t
x t y (t)dt 1 x t 1 dt

2

 
− = + − + 

 
∫ ∫

=  
2 3

x

0

xt t
1 x t dt

2 2

 
+ + − − 

 
∫

= 

x
3 2 4

0

xt t t
1 xt

6 2 8

 
+ + − − 
 

= 
4 2 4 2 4

2 x x x x x
1 x 1

6 2 8 2 24
+ + − − = + +

=
2 4

x x
1

2! 4!
+ +

Similarly we can write 

yn(x) = 1+ 
( )

2 4 2n 2x x x
.....

2! 4! 2n 2 !

−

+ + +
−

Now the required solution y(x) is given by 

y(x) = 
n

n
lim y (x)
→∞

 

Which gives y(x) coshx=

4. Laplace transform of Bessel function J1(x) is -

yewmeue heâueve J1(x) keâe ueehueeme ™heeblejCe nesiee- 

(a)
2

s
1

s 1
+

+
(b)

( )3/ 2
2

1
1

s 1
+

+

(c)

( )3/ 2
2

s
1

s 1
+

+
(d)

2

s
1

s 1
−

+

Ans. (d) : 1– 
2

s

s 1+

Bessel function of the first kind of order n, 

Jn(x) = x
n
 

( )
( )

m 2m

2m n
m 0

1 x

2 m! n m !

∞

+
=

−

+∑

For n = 0 we obtain the bessel function of order 0 

J0(x) = 
( )

( )

m 2m

22m
m 0

1 x

2 m!

∞

=

−
∑

( ) ( ) ( )

2 4 6

2 2 22 4 6

x x x
1 .....

2 1! 2 2! 2 3!
= − + − +

2 4 6

2 2 2 2 2 2

x x x
1 .....

2 2 4 2 4 6
= − + − +

Then Laplace transform of J0(x) is 

ℒ{ J0(x) }
2 3 2 2 5 2 2 2 7

1 1 2! 1 4! 1 6!
. . .....

s 2 s 2 4 s 2 4 6 s
= − + − +

2 4 6

1 1 1 1.3 1 1.3.5 1
1 .....

s 2 s 2.4 s 2.4.6 s

      = − + − +      
      

1
2

2 2

1 1 1
1

s s s 1

−   = + =  
  +  
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using binomial theorem, 

Now we have ( ) ( )'

0 1
J x J x= − . Hence Laplace

transform of J1(x) is 

ℒ ( ){ }1J x = –ℒ ( ){ }'
0J x =–[s ℒ ( ){ }0J x 1− ] 

2

s
1

s 1
= −

+

5. Inverse Laplace transform of
( )

4s

3

e

s 2

−

+
 is –– 

( )

4s

3

e

s 2

−

+
keâe JÙegl›eâce ueehueeme ™heeblejCe nw – 

(a) ( ) ( ) ( )2 2 x 41
x 4 e H x 4

2

− −− −

(b) ( ) ( ) ( )2 2 x 41
x 4 e H x 4

2

− −− +  

(c) ( ) ( )2 2 x 4
x 4 e

− −−

(d) ( ) ( )2 x 4
x 4 e

− −−

Ans. (a) : 
2 2(x 4)1

(x 4) e H(x 4)
2

− −− −  

Inverse Laplace transform of 
( )3

1

s 2+
i.e.

ℒ-1

( )3

1

s 2

  
 

+  
= 2xe− ℒ-1

3

1

s

 
 
 

2 2x
2 2xx e 1

x e
2! 2

−
−= =

Now if inverse Laplace transform of f(s) is F(x) i.e. 

ℒ-1{ }f (s) F(x)=  then inverse Laplace transform of

( )ase f s− i.e. ℒ-1{ }as
e f (s) G(x)
− = where, 

( )F x a , x a
G(x)

0 , x a

 − >
= 

<

then ℒ-1

( )
( )2 2(x 4)4s

3

1
x 4 e , x 4e

2
s 2 0 , x 4

− −−   − >  
=  

+    <

= ( ) ( )2 2(x 4)1
x 4 e H x 4

2

− −− −

6. The solution of the Fredholm linear integral
equation

( ) ( ) ( )
1

xt x

0
u x x e 1 u t dt e x+ − = −∫  is

øesâ[nesuce keâer jwefKekeâ meceekeâue meceerkeâjCe 

( ) ( ) ( )
1

xt x

0
u x x e 1 u t dt e x+ − = −∫ keâe nue nw -

(a) ( )u x 1= (b) ( ) x
u x e x= −

(c) ( )u x 3= (d) ( ) x
u x e=

Ans. (a) : u(x) = 1 

Given, u(x) + 
1

xt x

0
x(e 1)u(t)dt e x− = −∫

Let u(x) = 1 then given equation becomes 

1+ 
1

xt x

0
x(e 1)dt e x− = −∫

L.H.S.=

1
xt

x x

0

e
1 x xt 1 e x 1 e x R.H.S.

x

 
+ − = + − − = − = 
 

 

Hence the exact solution of the given integral equation is 

u(x) = 1 

7. The Homogeneous integral equation

( ) ( ) ( )
1

0
x 3x 2 t t dt 0φ −λ − φ =∫ has

meceIeele meceekeâue meceerkeâjCe keâer, 
(a) One characteristic number.

Skeâ DeefYeue#eCeer mebKÙee nw~
(b) Two characteristic number.

oes DeefYeue#eCeer mebKÙee nw~
(c) Three characteristic number

leerve DeefYeue#eCeer mebKÙee nw~ 
(d) No characteristic number 

keâesF& DeefYeue#eCeer mebKÙee veneR nw~ 
Ans. (d) : no characteristic number 

Given, ( )
1

0
(x) 3x 2 t (t)dtφ = λ − φ∫

or ( )
1

0
(x) 3x 2 t (t)dtφ = λ − φ∫

Let C = 
1

0
t (t)dtφ∫

Then ( )(x) C 3x 2φ = λ −

and ( )(t) C 3t 2φ = λ −

Hence C = ( )
1

0
Ct 3t 2 dtλ −∫

or 
1

3 2

0
C C t t =λ − 

or       C = 0 

Thus φ(x) = 0, which is zero solution. Hence for any λ,
equation has only zero solution φ(x) = 0. Therefore,
equation does not possess any characteristic number or 
eigenfunction. 

8. The Resolvent Kernel R (x, t; λ) of the Volterra

integral equation ( ) ( ) ( )
x 3 x t

0
y x 1 e y t dt

−= + λ∫
shall be,

Jeesušsje meceekeâue meceerkeâjCe ( ) ( ) ( )
x 3 x t

0
y x 1 e y t dt

−= + λ∫
keâe efJeIeškeâ Deef° R (x, t; λ) nesieer- 
(a) e

(3–λ)(x–t)
(b) e

(3–λ)(x+t)

(c) e
(3+λ)(x+t)

(d) e
(3+λ)(x–t)

Ans. (d) : e
(3+λ)(x–t)

The kernel   k(x,t) = e
3(x–t)

Iterated kernels   kn(x,t) are given by 

k1(x,t) = k(x,t) 

kn(x,t) = 
x

n-1
t

k(x,z)k (z, t)dz,n 2,3......=∫
∴ k1(x,t) = e

3(x–t)

& n= 2 gives

 k2(x,t) = 
x

1
t

k(x,z)k (z, t)dz∫
= 

x x
3(x z) 3(z t ) 3(x t ) 3(x t)

t t
e e dz e dz e (x t)− − − −= = −∫ ∫  
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n = 3 gives 

 k3(x,t) = 
x x

3(x z) 3(z t )

2
t t

k(x,z)k (z, t) e (z t)e dz− −= −∫ ∫

= 
( ) ( ) ( ) ( )2

x3 x t 3 x t

t

x t
e z t dz e

2!

− − −
= − =∫

Similarly we can write. 

kn(x,t) = e
3(x – t) ( )

( )

n 1
x t

,
n 1 !

−
−

−
 n = 1,2,3......... 

Resolvent kernel 

R(x,t;λ)=

m 1 2

m 1 2 3

m=1

k (x, t) k (x, t) k (x, t) k (x, t) ...
∞

−λ = + λ + λ +∑  

= e
3(x–t)

 + 
( ) 2

3(x t ) 3(x t )
x t(x t)

e e ....
1! 2!

− −
λ − λ −  + +  

= 
( ) 2

3(x t )
x t(x t)

e 1 ....
1! 2!

−
 λ − λ −   + + +
 
 

=
( )( )3 x t3(x t ) (x t ) 3(x t ) (x t )e e e e
+λ −− λ − − +λ −= =

9. Which is not the Euler-lagrange equation for

variational problems/efvecve ceW mes keâewve meer efYeVeleeÙeer
mecemÙeeDeeW kesâ efueS DeeÙeuej uesiejebpes meceerkeâjCe veneR nw-

(a)
d

0
dx y ' y

   ∂ρ ∂ρ
− =   ∂ ∂   

(b)
2

2

d
0

dx y y'

 ∂ρ ∂ρ
− = ∂ ∂ 

(c)
d

y ' 0
x dx y '

 ∂ρ ∂ρ
− ρ− = ∂ ∂ 

(d)
2 2 2

2
y ' y" 0

y x y ' y y ' y '

∂ρ ∂ ρ ∂ ρ ∂ ρ
− − − =

∂ ∂ ∂ ∂ ∂ ∂

Ans. (b) : 
2

2

d
0

dx y y'

 ∂ρ ∂ρ
− = ∂ ∂ 

Let J[y]  be a functional of the form- 

( )
b

a
x, y, y ' dx.ρ∫

defined on the set of the functions y(x) which have 

continuous first derivatives in [a,b]  and satisfy the 

boundary condition y (a) = A, y(b) = B. 

Then a necessary condition for J[y] to have an 

extremum for a given function y(x) is that y(x) satisfy 

Euler-Lagrange equation 

d
0

y dx y '

 ∂ρ ∂ρ
− = ∂ ∂ 

...(1) 

Now 
d dx dy dy '

. . .
dx x dx y dx y' dx

ρ ∂ρ ∂ρ ∂ρ
= + +
∂ ∂ ∂

⇒
d

.y ' .y"
dx x y y '

ρ ∂ρ ∂ρ ∂ρ
= + +
∂ ∂ ∂

 ...(2) 

and 
d d

y' y ' y"
dx y ' dx y ' y '

   ∂ρ ∂ρ ∂ρ
= +   ∂ ∂ ∂   

–––(3) 

from (i) and (ii) we obtain 

d d d
y ' y ' y '

dx dx y ' x y dx y '

   ρ ∂ρ ∂ρ ∂ρ ∂ρ
− = + −   ∂ ∂ ∂ ∂   

⇒
d d

y' y '
dx y ' x y dx y '

    ∂ρ ∂ρ ∂ρ ∂ρ
ρ− − = −    ∂ ∂ ∂ ∂    

⇒
d

y' 0
dx y ' x

 ∂ρ ∂ρ
ρ − − = ∂ ∂ 

(from (1)) 

Now, on expanding (1) we have- 
2 2 2

2

dx dy dy'
0

y x y ' dx y y ' dx y ' dx

∂ρ ∂ ρ ∂ ρ ∂ ρ
− − − =

∂ ∂ ∂ ∂ ∂ ∂
 

or 
2 2 2

2
y ' y" 0

y x y ' y y ' y '

∂ρ ∂ ρ ∂ ρ ∂ ρ
− − − =

∂ ∂ ∂ ∂ ∂ ∂
10. A surface that is every where tangent to both

flow velocity and vorticity is called/ØeJeen Jesie SJeb
YeÇefceue oesvees keâer meJe&$e mheMeea keânueeleer nw -
(a) a steady tube/Skeâ DeheefjJeleea veueer
(b) an angular tube/Skeâ keâesCeerÙe veueer
(c) a vortex tube /Skeâ Yeüefceue veueer
(d) None of these /FveceW mes keâesF& veneR

Ans. (c) : a vortex tube.  

A vortex line is a curve drawn in the fluid such that the 
tangent to it at every point is in the direction of the 
vorticity vector. The vortex lines drawn through each point 
of a closed curve constitute the surface of a vortex tube. 

Hence, a surface that is every where tangent to both 
flow velocity and vorticity is called a vortex tube. 

11. Solution of the initial value problem u' = –2tu
2

u(0) = 1 with h = 0.2 on the interval [0, 1] is

ØeejefcYekeâ ceeve mecemÙee u' = –2tu
2
 u(0) = 1 peyeefkeâ

Deblejeue [0, 1] hej h = 0.2 keâe nue nw
(a) u(0.2)= u1= 0.8615241

(b) u(0.2)= u1= 0.7615241

(c) u(0.2)= u1= 0.9615241

(d) u(0.2)= u1= 0.5615241

Ans. (c) : u(0.2) ≈ u1 = 0.9615328. 

The Runge-Kutta formula (fourth-order) for 

f(t,u) = –2tu
2 
is given by  

u(0.2) ≈u1= u0+ [ ]1 2 3 4

1
k 2k 2k k

6
+ + +

where  k1 = hf(t0,u0) = 0 

k2 = ( )1
0 0

kh
hf t ,u hf 0.1,1 0.04

2 2

 + + = = − 
 

k3  = 2
0 0

kh
hf t ,u

2 2

 + + 
 
( )hf 0.1,0.98 0.038416= = −

k4 = ( )0 0 3
hf t h,u k+ +

( )hf 0.2,0.961584 0.0739715= = −
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Thus,  

u(0.2)  ≈ u1 = 1+ [ ]1
0 0.08 0.076832 0.0739715

6
− − −  

   ≈ 0.9615328. 
12.  Solution of the difference equation ∆2

yj + 3∆yj –

4yj = j
2
 with initial conditions  

  y0 = 0, y2 = 2, is 

  Deblej meceerkeâjCe ∆2
yj + 3∆yj –4yj = j

2 keâe nue 
ØeejefcYekeâ heÇefleyebOe y0 = 0, y2 = 2 nw    

 (a) ( ) ( )j j 2

j

1
y 63 3 32 2 40j 60 j 95

160
 = − + − − −    

 (b) ( ) j 2

j

63
y 32 2 40j 60 j 95

160
 = − − + −    

 (c) ( ) j 2

j

32
y [63 3 40j 60 j 95]

160
= − − − −  

 (d) ( ) ( )j j 2

j

1
y 63 3 32 2 40j 60j 95

160
 = − − − − −   

Ans. (*) : (∆2
 + 3∆ – 4) yj = 0 

∆2
 + 3∆ – 4 = 0 (Auxiliary oquation) 

[∵∆ = E – 1] 

(E – 1)
2
 + 3 (E – 1) – 4 = 0 

E
2
 – 2E + 1 + 3E – 3 – 4 = 0    

E
2
 + E + 1 – 3 × 1 – 4 = 0 

E
2
 + E + 1 – 3 – 4 

E
2
 + E – 6 = 0 

E
2
 + (3 – 2) E – 6 = 0 

E (E + 3) – 2 (E + 3) = 0  

(E + 3) (E – 2) = 0 

E = 2, –3 

yj = C1 2
j
 + C2 (–3)

j
, Which is C.F. of given difference 

equation. 

Given, y0 = 0, y2 = 2 

    ⇒ y0 = C1 2
0
 + C2 (–3)

0
  

 C1 + C2 = 0  

    and y2 = C1 2
2
 + C2 (–3)

2
 

  2 = 4C1 + 9C2 

    ⇒ 2 = –4C2 + 9C2 

    ⇒ 5C2 = 2 

 C2 = 2/5 

     ∴ C1 = –2/5 

Now, P.I. = 
( )

2
j

Eφ
 

Let,   j
2
 = Aj

2
 + Bj + C ………….(ii) 

 = Aj (j – 1) + Bj + C 

 = A (j
2
 – j) + Bj + C 

 = j
2
 (A) + j (B – A) + C 

 ∴  A = 1 

 B – A = 0 

 B = 1 and C = 0 

 ∴ j
2
 = j

2
 + j [from (ii)] 

 P.I. = 
2

2

j j

3 4

+

∆ + ∆ −
 

 
2

2

j j

3 4

+

∆ + ∆ −
 

 
2

2

j j

3
4 1

4

+
=

  ∆ + ∆
− −  

  

 

 ( )
1

2
21 3

j j 1
4 4

−
  ∆ + ∆

= − + −  
  

 

( )
2

2 2
21 3 3

1 ............ j j
4 4 4

  ∆ + ∆ ∆ + ∆
 = − + + + + 
   

 

 
2 2

21 3 9
1 j j

4 4 4 16

 ∆ ∆
= − + ∆ + + + 

 
 

 ( )
2

21 3 13
1 j j

4 4 16

 ∆
= − + ∆ + + 

 
 

 ( ) ( )21 3 13
j j 2j 1 2

4 4 16

 = − + + + +  
 

 21 3 3 13
j j j

4 2 4 8

 = − + + + + 
 

 

 21 5 19
j j

4 2 8

 = − + + 
 

 

 = ( )21
8j 20j 19

32
− + +  

So, the complete solution of the given difference 
equation = C.F. + P.I. 

 yj = (–2/5) 2
j
 + 2/5 (–3)

j
 ( )21

8j 20j 19
32

− + +  

 ( )
( )2

jj
8j 20j 192 2

2 3
5 5 32

+ +
= − + − −  

 =
( ) ( )jj 2

64.2 64 3 8j 20 j 19 5

160

− + − − + +
 

 =
( ) ( )jj 2

64.2 64 3 40j 100j 95

160

− + − − + +
 

13.  Turbulence problem particularly depend on the 

term of the Navier Stokes equations which is the   
  Øe#eesYe mecemÙee, vewefJeÙej mšskeäme meceerkeâjCe kesâ efpeme heo 

hej efJeMes<elee ™he mes DeeOeeefjle nesleer nw, Jen nw- 
 (a) rate of change term /oj heefjJele&ve heo   
 (b) convection term/mebJenve heo   
 (c) source term/œeesle heo  
 (d) diffusion term /efJemejCe heo  
Ans. (d) : diffusion term 

Fluid flow which is unsteady, irregular, seemingly 
random, and chaotic is called turbulent. The 
characteristic feature of turbulent flow is that the fluid 
velocity varies significantly and irregularly both in 
position and time. Turbulence, is the result of diffusion 
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in the flow. Diffusion is related to the stress tensor and 
to the viscosity of the fluid. Hence diffusion term of the 
Navier Stokes equations are particularly needed to 
describe turbulence problem. 
14.  The Lagrangian for a charged particle in a 

electromagnetic field is-/Fueskeäš^escesefiveefškeâ #es$e ceW 
DeeJesefMele keâCe kesâ efueS ues«esefvpeÙeve nw- 

 (a) L = T – qφ + q(ν.A)  
 (b) L = T + qφ + q(ν.A) 
 (c) L = T – qφ – q(ν.A) 
 (d) L = T + qφ – q(ν.A) 
Ans. (a) : L = T – qφ + q(ν.A) 

A charged particle of charge q and mass m moving in 

an electric field E
ur

and a magnetic field B
r
,classically is 

subjected to the force F
r

acting on the particle which is 

given by the Lorentz force law i.e.  

 F qE qv B= + ×
r r rr

 

where v
r

 is the instantaneous velocity of the particle. 

If A
r

is the vector potential and φ the scalar potential, 

then the magnetic field B
r

and electric field E
r

are 

written in terms of A
r

and φ as  

 B A= ∇×
rr

 

 
A

E
t

∂
= −∇φ−

∂

r
r

 

We assume that A
r

 and φ are function of the position 

vector r
r

 and time i.e. φ = φ ( )r, t
r

and ( )A A r, t=
ur ur r

. The 

lagrangian of the system is written as  

 L = T– U  

where the kinetic energy T and the velocity dependent 

potential energy U are given by 

 21T mv
2

=
r

 

 U = q qv.A.φ−
rr  

Thus the lagrangian L of a charged particle in an 

electromagnetic field is  written as  

 L = 
21

mv q qv.A
2

− φ +
rr r

 

The classical path of the charged particle is given by the 

principle of the least action with the lagrangian 

described above. 

15.  The constraints on bead on a uniformly 

rotating wire in a force free space is   
  yeue jefnle meceef° ceW Skeâmeceeve IetCeeaÙe leej yeerÌ[ hej 

ØeefleyevOe nw - 
 (a) Rheonomous /efjnveescee@me  
 (b) Scleronomous /meefoMeesveescee@me  
 (c) No Constraints /keâesF& ØeefleyevOe veneR 
 (d) None of these /FveceW mes keâesF& veneR 

Ans. (a): Rheonomous  

A straight wire is pivoted at the origin and is arranged 

to swing around in horizontal plane at a constant 

angular speed ω. A bead of mass m slides frictionlessly 

along the straight wire. Generalized coordinates of the 

bead at radial position r is given by  

 x = rcosθ,  y = rsinθ 

with θ = ωt. Hence time dependent constraint. Thus, the 

system is Rheonomous.   
16.  Except at origin where r = 0, the vortex flow is,  
  cetue efyebog kesâ Deefleefjòeâ, peneB  r = 0 Yeüefceue ØeJeen nw  

 (a) rotational /IetCeeaÙe  (b) laminar/DeØe#egyOe  
 (c) irrotational / DeIetCeeaÙe (d) turbulent/Øe#eessefYele  
Ans. (c) : irrotational 

Vortex flow is defined as the flow of a fluid along a 

curved path or the flow of a rotating mass of fluid is 

known as vortex flow. 

When no external torque is required to rotate the fluid 

mass the flow is called free vortex flow. Hence in a free 

vortex flow total mechanical energy remains constant. 

there is neither any energy interaction between an out-

side source and the flow. The fluid rotates by virtue of 

some rotation previously imparted to it or because of 

some internal action. 

Now, constancy of total mechanical energy in the entire 

flow field implies the irrotationality of the flow.  

Hence, free vortex flow is irrotational except at r = 0 

which in practice is impossible.  

Vortex flow is irrotational every where except at the 

point r = 0, where the velocity is infinite. Therefore, the 

origon, r = 0 is a singular point in the flow field.  
17.  Using Runge-Kutta method of order 4 for the 

following initial value problem 

( )2 2dy
x y , y 1 0

dx
= + =   the value of  y(1.1) shall be  

  Ûeej keâesefš ceW jbiee-kegâòee efJeefOe Éeje efvecve ØeejefcYekeâ 

ceeve mecemÙee ( )2 2dy
x y , y 1 0

dx
= + =  kesâ efueS y(1.1) 

keâe ceeve nesiee  
 (a) 0.110 (b) 0.117  
 (c) 0.119 (d) 0.101 
Ans. (b) : 0.117 

Here 
2 2dy

x y ,
dx

= +  y(1) = 0, h = 0.1 and f(x0, y0) = 1 

Fourth- order Runge-Kutta formula is given by  

 y(1.1) = y0+ ( )1 2 3 4

1
k 2k 2k k

6
+ + +   

where   k1 = hf(x0y0) = 0.1(1) = 0.1  

 k2 = 1
0 0

kh
hf x + , y

2 2

 + 
 

= 0.1f(1.05,0.05) 

 = 0.1105 
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 k3 = 2
0 0

kh
hf x + , y

2 2

 + 
 

=0.1f(1.05,0.05525) 

 = 0.1105 

 k4 = hf (x0+h, y0+k3) = 0.1f(1.1, 0.1105) 

 = 0.1222 

Thus 

y(1.1) = 0 + 
1

6
(0.1+2(0.1105) + 2(0.1105) + 0.1222) 

          = 0.1116 

          ≈ 0.117  

18.  Using Euler's modified method. the value of 

y(0.02) for the differential equation  

( )2dy
x y, y 0 1

dx
= + = and taking h = 0.01 is.  

  Dee@Fuej mebMeesefOele efJeefOe kesâ ØeÙeesie mes y(0.02) keâe ceeve 
efvecve DeJekeâue meceerkeâjCe kesâ efueS leLee h = 0.01 ceeveles 

ngS ( )2dy
x y, y 0 1

dx
= + = nesiee  

 (a) y(0.02) = 1.2020 (b) y(0.02) = 1.0250 
 (c) y(0.02) = 1.0201 (d) y(0.02) = 1.0203 
Ans. (d) : y(0.02) = 1.0203 

Here 
2dy

x y, y(0) 1
dx

= + = and taking h = 0.01, f(x0y0) 

=1  

By Euler's formula we have 

 y(0.01)
(0)

 = y(0)+hf(x0y0) = 1.01 

Further x1 = 0.01 and f(x1, y(0.01)
(0)

) = f(0.01,1.01) = 

1.0101 

Now by iteration formula we have  

y(0.01)
(1)

 = y(0) + 
( )0

0 0 1

h
f (x , y ) f (x , y(0.01) )

2
 +   

 = 1.0100 

Again,  

y(0.01)
(2)

 = y(0) + 
(1)

0 0 1

h
f (x , y ) f (x , y(0.01) )

2
 +   

 = 1.0100 

Next with x1= 0.01, y1 =1.0100 and h = 0.01 we 

continue the procedure to obtain y(0.02) i.e. the value of 

y when x = 0.02.  

By Euler's formula, 

 y(0.02)
(0)

 = y (0.01)+hf(x1,y1) =1.0201 

∴  f(x1,y(0.02)
(0)

) = f(0.01,1.0201) = 1.0202 

By iteration formula we have 

 y(0.02)
(1) 

= y(0.01) + 
(0)

1 1 1

h
f (x , y ) f (x , y(0.02) )

2
 +   

 ≈ 1.0201 

Again, 

Y(0.02)
(2)

 = y(0.01) +
(1)

1 1 1

h
f (x , y ) f (x , y(0.02) )

2
 +   

 ≈ 1.0203. 

19.  The number of basic variables in a 

transportation problem are at the most  
  heefjJenve mecemÙee ceW cetue ÛejeW keâer DeefOekeâlece mebKÙee nw  
 (a) m + n –1  (b) m – n +1 
 (c) m + n +1 (d) m – n –1 
Ans. (a) : m + n –1 

The number of basic variables in m×n balanced 

transportation problem is at most m + n –1. 
20.  Solution of the following game problem.  
  efvecve Kesue mecemÙee keâe nue nw 

 

 (a) ( )( )5 9 9 5 730, v
14, 14 14, 14 14

=   

 (b) ( )( )9 5 5 9 730, v
14, 14 14, 14 14

=  

 (c) ( )( )9 7 5 9 5 73, v
14, 14 14 14, 14 14

=  

 (d) None of these /FveceW mes keâesF& veneR 

Ans. (b) : ( )( )9 5 5 9 730, v
14, 14 14, 14 14

=  

  
maximin = 3 and minimax = 7 and clearly no saddle 

point. The value of the game v lies between 3 and 7 i.e 

3 < v < 7.  

Let p1, p2, p3 and q1, q2 be the probabilities of selecting 

strategies A1, A2, A3 and B1, B2 by player A and player 

B respectively. 

Then, 

 2q1 + 7q2 ≤ v 

 3q1 + 5q2 ≤ v 
 11q1 + 2q2 ≤ v 

and  q1 + q2 = 1 

 q1, q2 ≥ 0 

⇒  1 22q 7q

v v
+ ≤ 1 

     1 23q 5q

v v
+ ≤ 1 

     1 211q 2q
1

v v
+ ≤  
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and  1 2q q 1

v v v
+ =  

Let  1 2
1 2

q q
x and x

v v
= =      ...(*) 

Therefore the problem is to maximize 
1

v
= x1 + x2  

subject to   

 2x1 + 7x2 ≤ 1 

 3x1 + 5x2 ≤ 1 

 11x1 + 2x2 ≤ 1 

 x1, x2 ≥ 0  
Now using Simplex method  

After introducing slack variables 

Max Z = x1 + x2 + 0S1 + 0S2 + 0S3  
subject to  

2x1 + 7x2 + S1 = 1 
3x1 + 5x2 + S2 = 1 

11x1 + 2x2 + S3 = 1 

and x1, x2, S1, S2, S3 ≥ 0   

   Cj 1 1 0 0 0  

B CB X

B 
x1 x2 S1 S2 S

3 
Min
Ratio 

B

1

X

x
 

S1 0 1 2 7 1 0 0 1

2
= 

0.5 

S2 0 1 3 5 0 1 0 1

3
= 

0.33
33 

S3 0 1 11 2 0 0 1 1

11
= 

0.09
09→ 

Z = 
0 

 Zj 0 0 0 0 0  

  Zj 
– 
Cj 

–1 

↑ 

–1 0 0 0  

Negative minimum Zj –Cj is  –1 in column 1 and 
minimum ratio is 0.0909 in row 3, so entering 
variable is x1 & leaving variable is S3.  

∴ The pivot element is 11.  
   Cj 1 1 0 0 0  

B CB XB x1 x2 S1 S2 S3 
Min 
ratio 

S1 0 
9

11
 0 

73

11

 

1 0 

2

11
−

 

9

11

73

11

9

73

0.1233=

=

 

S2 0 
8

11
 0 

49

11

 0 1 

3

11
−

 

8

11

49

11

8

49
=

 

0.1633 

x1 1 
1

11
 1 

2

11

 0 0 
1

11
 

1

11

2

11

11

1
=

 

0.5 

Z = 

1

11
 

 Zj 1 
2

11

 0 0 
1

11

  

  Zj-Cj 0 

9

11
−

 

0 0 
1

11

  

 Negative minimum Zj - Cj is 
9

11
−  in column 2 and 

minimum ratio is 0.1233 in row 1, so entering 
variable is x2 & leaving variable is S1. 

∴ The pivot element is 
73

11
. 

 

Itera
tion-

3 
 Cj 1 1 0 0 0  

B CB XB x1 x2 S1 S2 S3 
Min 
ratio 

x2 1 
9

73
 0 1 

11

73

 

0 

2

73
−

 

 

S2 0 
13

73
 0 0 

49

73
−

 

1 

11

73
−

 

 

x1 1 
5

73
 1 0 

2

73
−

 

0 
7

73

  

Z = 

14

73
 

 Zj 1 1 
9

73

 0 
5

73
  

  Zj-Cj 0 0 

9

73

 

0 
5

73
  

Since all Zj – Cj 0≥  

The, optional solution is arrived with value of 
variables as : 

1 2

5 9
x , x

73 73
= =  & 

Max Z = 
14

73
  

Hence, back substituting from (*) gives optimal 

strategies for player B = 
5 9

,
14 14

 
 
 

and optimal 
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strategies for player A = 
9 5

, 0,
14 14

 
 
 

. 

Hence the solution of the given game problem is 

9 5
, 0,

14 14

 
 
 

5 9
,

14 14

 
 
 

v = 
73

14
 

21.  If either the primal or the dual problem has a 

finite optimal solution then the other problem 

also has/Ùeefo efkeâmeer DeÉwle DeLeJee Éwle mecemÙee kesâ 
meerefcele F°lece nue nes leye otmejer mecemÙee kesâ Yeer- 

 (a) a finite optimal solution./meerefcele F°lece nue nesiee   
 (b) an infinite optimal solution./Demeerefcele F°lece nue 

nesiee  
 (c) no optimal solution. /keâesF& F°lece nue veneR nesiee 
 (d) None of these/FveceW mes keâeF& veneR  
Ans. (a) : a finite optimal solution. 

For every linear programming problem, there is a 

corresponding unique linear programming problem 

called the dual of the original problem called primal 

problem.  

If the optimal solution of either problem (primal or 

dual) is known then the optimal solution of the other is 

also available.  
22.  If corresponding to any negative 

( )j j jz c∆ = − all elements of the column Xj are 

negative or zero (≤0), then the solution under 

test will be 
  Ùeefo efkeâmeer $e+Ceelcekeâ ( )j j jz c∆ = −  kesâ meehes#e, 

keâe@uece Xj kesâ meYeer DeJeÙeJe $e+Ceelcekeâ DeLeJee MetvÙe 
(≤0) nes leye hejer#eCe kesâ Devleie&le nue nesiee- 

 (a) Bounded /heefjyeæ  
 (b) Unbounded/DeyeeOe 
 (c) Suboptimal/GheF°lece 
 (d) No solution/keâesF& nue veneR 
Ans. (b) : Unbounded. 

Under the simplex method the leaving variable is 

determined by using a ratio test for every constraint row 

i, compute the ratio i

is

b

a
, if ais > 0 where column s is the 

pivot column. That is ,we divide the right hand side of 

each constraint by the element in the pivot column of 

the same row, but only if the denominator ais is strictly 

positive in value. 

Now if for any tableau cj – zj indicates that a nonbasic 

variable should enter the basic, but no ratios can be 

computed for the constraints because every constraint 

coefficient in the pivot column is either zero, or 

negative, the problem is unbounded. Increasing the 

value of the entering variable improves the objective 

function without limit. 

23.  For an LPP, 

   Maximum Z = 6x1 – 4x2 

   Subject to : x1+x2 ≤ 2 

          x1+x2 ≥ 4 

          x1,x2 ≥ 0  

  If has - 

  LPP kesâ efueS  
   Maximum Z = 6x1 – 4x2 

   Subject to : x1+x2 ≤ 2 

          x1+x2 ≥ 4 

          x1,x2  ≥ 0 

   oMee&lee nw – 
 (a) No solution due to inconsistent system of 

constraints. /Demebiele ØeefleyevOe JÙeJemLee kesâ keâejCe keâesF& 
nue veneR~  

 (b) No solution due to consistent system of 

constraints./mebiele ØeefleyevOe JÙeJemLee kesâ keâejCe nue veneR~  
 (c) Infinite many solution./Devevle Deveskeâ nue ~ 
 (d) LPP is unbounded./ LPP DeyeeOe nw ~ 
Ans. (a) : No solution due to inconsistent system of 

constraints. 

Given system of constraints are inconsistent because 

 x1 + x2 ≤ 2 and x1+ x2 ≥ 4  
can not happen simultaneously i.e. there is no feasible 

region between them, so there is no solution to the 

given inconsistent  system.   

x

x
 

24.  If the prime p ≥ 7, then how many consecutive 

quadratic residues (mod p ) will be   
  Ùeefo DeYeepÙe  p ≥ 7 leye (mod p ) ceW efkeâleves ›eâefcekeâ 

efÉIeeleerÙe DeJeMes<e nesieW ? 
 (a) Two/oes   (b) Three/leerve   
 (c) Four/Ûeej 
 (d) None of these/FveceW mes keâesF& veneR 
Ans. (a) : Two 

Definition- The Legendre Symbol  

a

p

 
 
 

 

is assigned the value of 1 if a is a quadratic residue of p. 

Otherwise, it is assigned the value of –1.  
Proposition- For any prime p > 5 there exists integer 1 

≤ a ≤ p –1 for which 
a a 1

1.
p p

   +
= =   

   
 

That is there are consecutive quadratic residues of p. 
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Proof - Since x
2 ≡ 1, x

2 ≡ 4 and x
2 ≡ 9 have solution for 

all p > 5 then consider x
2 ≡ 2, x

2
 ≡ 5, x

2
 ≡ 10. 

Now for p > 5; gcd(2,p) = 1, gcd(5,p) = 1 so gcd(10,p) 
= 1 and because if p is an odd prime and gcd (ab, p) = 1  
then at least one of a, b or ab is a quadratic residue of p. 
We have at least one of 2, 5 or 10 must be a quadratic 
residue of p. 

If 
2

p

 
 
 

= 1, then 1 and 2 are consecutive residues. 

If 
5

p

 
 
 

 = 1, then 4 and 5 are  consecutive residues. 

If 
10

p

 
 
 

= 1, then 9 and 10 are consecutive residues. 

Thus , the above showed that at least one pair of 
consecutive residues for p > 5. 

25.  If p is an odd prime and if g is a primitive root 

(mod p ), then 
g

r

  = 
 

  

  Ùeefo p Skeâ efJe<ece DeYeepÙe leLee Ùeefo g Skeâ hetJe&ie cetue 

(mod p )nes leye  
g

r

  = 
 

 

 (a) –1  (b) 1  
 (c) ± 1 

 (d) None of these/FveceW mes keâesF& veneR 
Ans. (a) : –1 

If g is a primitive root modulo p then order of g modulo 

p is φ(p) = p –1 i.e. 

 p 1g 1mod p− ≡  

⇒ p 1p g 1− −  

⇒   
p 1 p 1

2 2p g 1 g 1

− −  
  − +
  
  

 

Now if 

p 1

2p g 1

−

− then we have 

p 1

2g 1

−

≡  (mod p) which 

contradicts that g is primitive root modulo p. 

Hence we must have, 

 

p 1 p 1

2 2p g 1 g 1

− −

+ ⇒ ≡ − (mod p). 

For an odd prime p and an integer g relative prime to p 

we have ( )
p 1

2
g

g 1 mod p
p

−
 

≡ ≡ − 
 

 

where 
g

p

 
 
 

denotes the Legendre symbol. 

Note : An educated guess can be made that the 

examiner had intended to ask the 
g

1
p

 
= − 

 
 

26.  If p is prime , then (a + b)
p
 ≡  

  Ùeefo DeYeepÙe nw, leye (a + b)
p
 ≡ 

 (a) a
p 
+ b

p 
(mod p) (b) a

p 
+ b

p 
(mod N) 

 (c) a
p 
– b

p 
(mod p) (d) a

p 
– b

p 
(mod N) 

Ans. (a) : a
p
 + b

p
 (mod p) 

Now if p is a prime , then  
p

iC ≡ 0 (mod p) for 1≤ i ≤ p–1  

Thus by binomial theorem we have 

(a+b)
p  ≡ 

p p p p 1 p p 1 p p

0 1 p 1 p
C a C a b .... C ab C b

− −
−+ + + +  

 ≡ a
p
 + b

p
 (mod p) 

27.  Let a and b belong to set S, Let R be an 
equivalence relation on S. Then aRb if and only 
if  

  a SbJe b mecegÛÛeÙe S ceW nw~ R keâe S mes leguÙelee mebyebOe nw~ 
leye aRb  Ùeefo kesâJeue Ùeefo , 

 (a) [a]R ≠ [b]R  (b) [a]R ⊆ [b]R 
 (c) [a]R ⊂ [b]R (d) [a]R = [b]R 
Ans. (d) : [a]R = [b]R 

Proposition- An equivalence relation on a set S 
determines a partition of S.  
Given an equivalence relation, one defines a partition 
this way : The subset that contains a is the set of all 
elements b such that aRb. This subset is called the 
equivalence class of a.  

⇒ [a]R =  { }a bb S R∈ . 

Claim- The subset of S that are equivalence classes of  
partition S. 

Proof- The reflexive axiom tells us that a is in its 
equivalence class. Therefore the class [a]R is non empty, 
and since a can be any element, the union of the 
equivalence classes is the whole set S.  
If [a]R and [b]R have an element in common, say d. If x 
is in [b]R then bRx. Since d is in both sets, aRd and bRd, 
and the symmetry property tells us that dRb. So we have 

aRd, dRb, and bRx. Two applications of transitivity show 
that aRx. and therefore that x is in [a]R showing that   

 [b]R ⊂ [a]R. 

Similarly ; it can be shown that [a]R ⊂ [b]R. 

Hence, we get that [a]R = [b]R.  

28.  A positive integer which has more divisors than 
any smaller positive integer is called  

  Skeâ Oeveelcekeâ hetCe& mebKÙee efpemekesâ efJeYeepekeâeW keâer mebKÙee 
efkeâmeer DevÙe Úesšer Oeveelcekeâ hetCe& mebKÙee keâer Dehes#ee 
DeefOekeâ nesles nQ, keânueeleer nw- 

 (a) Highly Composite Number/GÛÛe YeepÙe mebKÙee   
 (b) Ramanujan Composite Number/jeceevegpeve YeepÙe 

mebKÙee    
 (c) Harshad Composite Number /n<e&o YeepÙe mebKÙee 
 (d) Hardy Composite Number/n[ea YeepÙe mebKÙee 
Ans. (a) : Highly Composite Number. 

An integer n > 1 is termed highly composite if it has 

more divisors than any preceding integer ; in other 

words, the divisor function τ satisfies τ(m) < τ(n) for all 

m < n. The first 10 highly composite numbers are 

2,4,6,12,24,36,48,60,120 and 180.    
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29.  If a positive integer on a  given base is divisible by 
the sum of its digits on the same base called as 

  efoS ieS DeeeOeej hej Oeveelcekeâ hetCe& mebKÙee Ùeefo Debkeâes 
kesâ Ùeesie mes Gmeer DeeOeej hej YeepÙe nes lees mebKÙee 
keânueeleer nw-  

 (a) A Ramanujan Number /jeceevegpeve mebKÙee  
 (b) A Harshad Number/n<e&o mebKÙee  
 (c) A Hardy Number /ne[ea mebKÙee 
 (d) None of these /FveceW mes keâesF& veneR  
Ans. (b) : A Harshad Number  

A base b Harshad number (or Niven numbers) is a 
positive integer that is divisible by the sum of its base b 
digits. For example, in the decimal number system, 
1729 is a Harshad number since 1+7+2+9 = 19, and 
1729 = 19×91.  
30.  If 2

n
 – 15 = x

2
 then  

  Ùeefo 2n
 – 15 = x

2 leye 
 (a) n = 2 or n = 4/ n = 2 DeLeJee n = 4  
 (b) n = 4 or n = 6/ n = 4 DeLeJee n = 6  
 (c) n = 2 or n = 8/ n = 2 DeLeJee n = 8 
 (d) n = 4 or n = 8/ n = 4 DeLeJee n = 8 
Ans. (b) : n = 4 or n = 6  
If 2

n 
– 15 = x

2
 ; x is an integer then either n = 4 or n = 6 

because if n = 4 ; 2
n
 – 15 = 1 and if n = 6 ; 2

n
 – 15 = 49. 

31.  Suppose that H, K are cyclic groups of order 
m, n  respectively. Then H×K will be cyclic if 

  ceeve ueerefpeS efkeâ H, K ›eâceMe: m, n keâesefš kesâ Ûe›eâerÙe 
mecetn nw ~ leye H×K Ûe›eâerÙe nesiee, Ùeefo 

 (a) m, n are even integers./ m, n mece hetCeeËkeâ nes ~   
 (b) m, n are odd integers / m, n efJe<ece hetCeeËkeâ nes  
 (c) m, n are odd prime numbers / m, n efJe<ece 

DeYeepÙe mebKÙeeSb nQ~   
 (d) m, n are relatively prime numbers. / m, n 

Deehesef#ekeâ DeYeepÙe mebKÙeeSb nw  
Ans. (d) : m, n are relatively prime numbers 

Proposition : Let H and K be finite cyclic groups of 
order m and n respectively. Then H×K is cyclic if and 
only if m and n are relatively prime. 

Proof- Assume H×K is cyclic. Because H m= and 

K n= , so H K mn× = . 

Suppose gcd(m,n) = d and (h, k) is a generator of H×K. 

Since (h, k)
mn/d 

= ((h
m
)

 n/d
,(k

n
)

m/d
) = (eH,eK), we have 

 mn = 
mn

(h,k)
d

≤   

Thus, d = 1i.e. m & n relatively prime numbers. 

32.  If G is an abelian group and the action of G on 
itself by conjugation is the trivial action g.a = a 

for all g, a∈G then for each a∈G the conjugacy 
class of a is,    

  Ùeefo G Skeâ Deeyesueer mecetn nes Deewj mebÙegiceer Éeje G keâe 
mJeÙeb hej ef›eâÙee meYeer g, a∈G kesâ efueS legÛÚ ef›eâÙee g.a 

= a nes, leye ØelÙeskeâ a∈G kesâ efueS a keâe mebÙegicelee Jeie& 
nesiee - 

 (a) {a} (b) {G} 
 (c) a{G} 
 (d) None of these / FveceW mes keâesF& veneR 
Ans. (a) : {a} 

For an element a of a group G its conjugacy class is the 

set of elements conjugate to it  

  {gag
–1 

: g∈G} 

If G is an abelian then every element is in its own 

conjugacy class : 

 g.a = gag
–1

= a for all g ∈ G  
33.  Suppose there exist 5 groups of order p

2
q = 12 

then  
  ceeve ueerefpeS efkeâ (p

2
q = 12) keâesefš kesâ 5 mecetn 

DeefmlelJe ceW nw lees, 

 (a) One of which is non-abelian. /GveceW mes Skeâ Deve-
Deeyesueer nw~  

 (b) Two of which are non-abelian./ GveceW mes oes 
Deve-Deeyesueer nQ~ 

 (c) Three of which are non-abelian./ GveceW mes leerve 
Deve-Deeyesueer nwb~ 

 (d) All five are non-abelian. / meYeer heeBÛeeW Deve-Deeyesueer 
nwb~ 

Ans. (c) : Three of which are non-abelian. 

Structure Theorem for finite abelian groups dictates that 

any abelian group of order 12 can be written as a 

product of cyclic groups. 

So, any abelian group of order 12 can be written as  

12 2 6 4 3 2 2 3, , , ,× × × ×          

Clearly 2 3 6 2 2 3 2 6× ≅ ⇒ × × ≅ ×         

and 12 4 3≅ ×    

Hence, there are only two isomorphism classes a groups 

of order 12 which are abelian. 

Note : The examiner should have specified that groups 

of order 12 upto isomorphism class. 

34.  Let the sets of rationals and reals numbers be 

denoted by Q and R respectively. 

  Choose the correct answer .   
  ceeve efueefpeS efkeâ heefjcesÙe Deewj JeemleefJekeâ mebKÙeeDeeW kesâ 

mecegÛÛeÙeeW keâes ›eâceMe: Q leLee R Éeje oMee&Ùee ieÙee nw~ 
  mener Gòej keâes ÛegefveS -  

 (a) Q is both a subring and an ideal of R / Q nesiee 
R keâe GheJeueÙe leLee iegCepeeJeueer oesveeW~ 

 (b) Q is a subring but not an ideal of R / Q nesiee R 
keâe GheJeueÙe hejvleg iegCepeeJeueer veneR~  

 (c) Q is an ideal but not a subring of R / Q nesieer R 
keâer iegCepeeJeueer hejvleg GheJeueÙe veneR~ 

 (d) Q is neither a subring nor an ideal of R / Q ve 
lees R keâe GheJeueÙe Deewj ve ner iegCepeeJeueer nw~ 
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Ans. (b): Q is a subring but not an ideal of R 
The set of rational numbers under the usual addition and 
multiplication of real numbers is a commutative ring 
with unit element. Hence, Q is a subring of R. Q is not 
an ideal of R because for any rational number r and real 

number 2 neither r 2  nor 2 r belongs to Q.  
35.   Let F be a field of integers modulo 11, then the 

polynomial x
2
 + x + 4  

  ceevee efkeâ ceeheebkeâ 11 kesâ hetCeeËkeâeW keâe #es$e F nw, leye 
yengheo x2

 + x + 4 
 (a) is reducible over F/ F hej Keb[veerÙe nw~  
 (b) is irreducible over F/ F hej DeKeb[veerÙe nw~ 
 (c) has prime factor over F/ F hej DeYeepÙe iegCeve Keb[ 

jKelee nw~ 
 (d) None of these /FveceW mes keâesF& veneR 
Ans. (b) : is irreducible over F 
A polynomial of degree 2 or 3 over a field F is reducible 
if and only if it has a root in F. 
Now field of integers modulo 11 = Z11 
={0,1,2,3,4,5,6,7,8,9,10} 
and p(x) = x

2 
+ x + 4 (mod 11) 

Observe that   P(0) = 0 + 0 + 4 (mod11) = 4 
  P(1) = 1 + 1 + 4 (mod 11) = 6 

  P(2) = 4 + 2 + 4 (mod 11) = 10 

  P(3) = 9 + 3 + 4 (mod 11) = 5 
  P(4) = 16 + 4 + 4 (mod 11) = 2 

  P(5) = 25 + 5 + 4 (mod 11) = 1 
  P(6) = 36 + 6 + 4 (mod 11) = 2 

  P(7) = 49 + 7 + 4 (mod 11) = 5 
  P(8) = 64 + 8 + 4 (mod 11) = 10 

  P(9) = 81 + 9 + 4 (mod 11) = 6 

  P(10) = 100 + 10 + 4 (mod 11) = 4 

Hence the polynomial x
2
 + x + 4 is irreducible in 

11
  

since it has no root in 
11

 . 

36.  Every Homomorphic of a group is isomorphic 
to   

  mecetn kesâ ØelÙeskeâ meceenejer, leguÙekeâejer nesles nw - 
 (a) cyclic group /Ûe›eâerÙe mecetn kesâ   
 (b) quotient group /efJeYeeie mecetn kesâ   
 (c) normal subgroup /ØemeeceevÙe Ghemecetn kesâ   
 (d) none of these/FveceW mes keâesF& vener 
Ans. (b) : quotient group  

Theorem- Let φ: G → G' be a surjective group 

homomorphism with kernal K. 

The quotient group 
G

G
K

=  is isomorphic to the image G'. 

To be precise, let σ : G → G be the canonical map. 

There is a unique isomorphism Ψ : G →G' such that  

 φ = Ψoσ 

 
where σ(g) = Kg.   

37.  If G is a finite group and O(G) = p
n
, where p is 

prime number and n is positive integers, then  
  Ùeefo G Skeâ heefjefcele mecetn nw leLee O(G) = p

n peneB p 
DeYeepÙe mebKÙee nws leLee n Oeveelcekeâ hetCeeËkeâ nw leye, 

 (a) Z(G) ≠{e}  (b) Z(G) = {e}  
 (c) Z(G) = G 
 (d) None of these / FveceW mes keâesF& vener 

Ans. (a) : Z(G) ≠ {e} 

Groups whose orders are positive powers of a prime p 

are called p-groups. 

Theorem- The center of a p-group is not the trivial 

group. 

38.  If V(F) and W(F) are finite dimensional vector 

spaces of dimensions n and m respectively. 

Then the space L(V,W) is finite dimensional of 

the dimension  
  Ùeefo V(F) Deewj W(F) ›eâceMe: n Deewj m efJecee kesâ 

heefjefcele efJeceerÙe meefoMe meceef° nw~ leye meceef° L(V,W) 
efkeâme efJecee keâer heefjefcele efJeceerÙe nw? 

 (a) m + n  (b) m × n   

 (c) m – n (d) 
m

n
 

Ans. (b) : m × n 

Let V and W be vector spaces over the field F. Let S 

and T be linear transformations from V into W. The 

function (S + T) defined by  

 (S +T)(v)
 
= S(v)+T(v) for all v∈ V(F) 

is a linear transformation from V into W. If c is any 

element of F. The function cS defined by   

  (cS)(v) = cS(v) for all v∈ V(F) 

is a linear transformation from V into W. The set of all 

linear transformation from V into W, together with 

addition and scalar multiplication defined above, is a 

vector space over the field F denoted by L(V,W) 

Theorem- If V and W are of dimensions m and n , 

respectively, over F, then the space L(V,W) is of 

dimension mn over F.    

39.  The system of linear equations 

   x – y + z = 2 

   x + y – z = 0 

   6x – 4y + 4z = 11 
  jwefKekeâ meceerkeâjCeeW keâe le$eb 
  x – y + z = 2 

   x + y – z = 0 

   6x – 4y + 4z = 11 
 (a) has trivial solution /legÛÚ nue jKelee nw~  
 (b) has unique solution /DeefÉleerÙe nue jKelee nw~  
 (c) is consistent /mebiele nw~ 
 (d) is inconsistent /Demebiele nw~ 
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Ans. (d) : is inconsistent 

The system of linear equations  

 AX = B ≡

1 1 1 x 2

1 1 1 y 0

6 4 4 z 11

−     
     − =     
     −     

 

Augmented matrix A' = 

1 1 1 2

1 1 1 0

6 4 4 11

− 
 − 
 − 

 is to be row-

reduced. 

Now 

1 1 1 2

1 1 1 0

6 4 4 11

− 
 − 
 − 

2 2 1

3 3 1

R R R

R R 6R

1 1 1 2

0 2 2 2

0 2 2 1

→ −
→ −

− 
 → − − 
 − − 

 

3 3 2R R R

1 1 1 2

0 2 2 2

0 0 0 1

→ −

− 
 → − − 
  

 

We observe that Rank(A) = 2  and Rank(A:b) = 3 

Q Rank(A) ≠ Rank (A:b) and hence given system is 

inconsistent. 

40.  If [ ]( )C a,b is the space of continuous real 

valued function defined on the closed interval 

[a,b] of real line then   

   ( ) ( )
b

a
L x f x dx= ∫  defines the.   

  Ùeefo JeemleefJekeâ jsKee kesâ mebJe=le Deblejeue [a,b] hej 
heefjYeeef<ele JeemleefJekeâ ceeve melele heâueve keâe meceef° 

[ ]( )C a,b nes lees 

  ( ) ( )
b

a
L x f x dx= ∫  heefjYeeef<ele keâjlee nw- 

 (a) function L on [ ]( )C a,b / [ ]( )C a,b hej heâueve L  

 (b) linear function L on [ ]( )C a,b / [ ]( )C a,b hej 

jwefKekeâ heâueve L 

 (c) linear functional L on [ ]( )C a,b / [ ]( )C a,b hej 

jwefKekeâ heâuevekeâ L 

 (d) transformation L on [ ]( )C a,b / [ ]( )C a,b hej 

™heeblejCe L 

Ans. (c) : linear functional L on [ ]( )C a,b  

Let [a, b] be a closed interval on the real line and let 

C([a,b]) be the space of continuous real-valued 

functions on [a,b].Then  

 L(x) = 
b

a
f (x)dx∫  

defines a linear functional L on C([a, b]) because 

 ( )
b b b

a a a
f g (x)dx f (x)dx g(x)dx+ = +∫ ∫ ∫  and  

b b

a a
f (x)dx f (x)dxα =α∫ ∫  

for every f, g∈C([a, b]) and for every α∈ Field 

41.  The matrix 
( )

a ic b id

b id a ic

− − 
 − + + 

 will be unitary if 

and only if  

  DeJÙetn 
( )

a ic b id

b id a ic

− − 
 − + + 

 Swefkeâkeâ nesieer Ùeefo kesâJeue 

Ùeefo, 
 (a) a

2
– b

2 
+ c

2 
– d

2
 = 1 (b)–a

2 
+ b

2 
– c

2 
+ d

2
 = 1  

 (c) a
2 
+ b

2 
+ c

2 
+ d

2
 = 1(d)a

2 
+ b

2 
+ c

2 
+ d

2
 ≠ 1 

Ans. (c) : a
2 
+ b

2 
+ c

2 
+ d

2
 = 1 

If 
( )
a ic b id

b id a ic

− − 
 − + + 

 is unitary then  

   det
( )
a ic b id

1
b id a ic

 − − 
=   − + +  

 

∴ (a – ic)(a + ic) + (b + id)(b – id) = 1 

⇒ a
2 
+ c

2
 + b

2 
+ d

2
 = 1  

42.  Orthonormal set of vectors in an inner product 
space is/Deeblej iegCeve meceef° ceW meefoMeeW keâe ØemeeceevÙe 
ueebefyekeâ mecegÛÛeÙe neslee nw 

 (a) Linearly dependent /jwefKekeâle: Deeefßele 
 (b) Linearly independent/ jwefKekeâle: mJeleb$e 
 (c) Neither dependent nor independent/ve lees 

Deeefßele ve ner mJeleb$e 
 (d) None of these /FveceW mes keâesF& vener 
Ans. (b) : Linearly independent 

Proposition- If {vi}is an orthonomal set in an inner 
product space, then the vectors in {vi} are linearly 
independent. 

Proof- Suppose that α1v1+α2v2+...+αnvn = 0 therefore 0 
= (α1v1+α2v2+...+αnvn , vi) = α1(v1,vi) +...+αn(vn,vi). 

Since(vi,vi) =δij this equation reduces to αi = 0 . Thus 
the vi's are linearly independent.

 

43.  If {α,β} is an orthonormal set in an inner 

product space then distance between α and β is    
  Deeblej iegCeve meceef° ceWW ØemeeceevÙe ueebefyekeâ mecegÛÛeÙe 

{α,β} nes lees α   SJeb β kesâ ceOÙe otjer nw  
 (a) 0  (b) 1  
 (c) 2 (d) 2  

Ans. (d) : 2  

Distance between α and β = d(α,β) = 
2

α −β  

  = ( ),α −β α −β  

  = ( ) ( ), ,α α −β − β α −β  

  = ( ) ( ) ( ) ( ), , , ,α α − α β − β α + β β  

  = ( ) ( ), ,α α + β β = 2  

By symmetricity of inner product space. 
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44.  The rank, index and signature of a cannonical 
form polynomial  

  2 2 2 2

1 2 3 1 2 1 3 4 3 4
x 4x 6x 2x x 4x x 2x 6x x− + + − + − is  

  efJeefnle(kesâveesefvekeâue) ™he yengheo 
2 2 2 2

1 2 3 1 2 1 3 4 3 4
x 4x 6x 2x x 4x x 2x 6x x− + + − + − keâer 
keâesefš, Ieeleebkeâ SJeb efÛeefvnkeâe nQ - 

 (a) 4, 1, –2 (b) 3, 2, 1  
 (c) 3, 3, 3 (d) 2, 2, 2 
Ans. (*) : The given polynomial is:  

P(x) = 2 2 2 2

1 2 3 1 2 1 3 4 3 4
x 4x 6x 2x x 4x x 2x 6x x− + + − + −  

The polynomial can be expressed as:  

 P(x) = x
T
Ax,  

Where x = [x1, x2, x3, x4]
T
 and A is the symmetric 

matrix of coefficients. The matrix A is constructed as:  

 

1 1 2 0

1 4 0 0
A

2 0 6 3

0 0 3 2

− 
 − =
 − −
 

− 

 

The eigenvalues of A determine the rank, index, and 
signature.    

1. The number of non-zero eigenvalues.  

2. The number of negative eigenvalues.  

3. The difference between the number of positive and 
negative eigenvalues. 

We calculate the eigenvalues of A to proceed. Let me 

compute them.   

 {– 4.21, – 0.34, 1.49, 8.06} 

1. The rank is the number of non-zero eigenvalues, are 

non-zero, so the rank is 4. 

2. The index is the number of negative eigenvalues. 

Here, there are 2 negative eigenvalues (– 4.21, –0.34). 

3. The signature is the difference between the number of 

positive and negative eigenvalues. There are 2 positive 

eigenvalues (1.49, 8.06) and 2 negative eigenvalues, so 

the signature is 2 – 2 = 0.  

The correct option is 4, 2, 0.       
45.  Let the function g(t) > 0 be integrable on [α, ∞[, 

and for each fixed x∈ I the function  h(x,t) is 

integrable. If ( ) ( )h x, t g t≤ then the integral 

  ( ) ( )
a

f x h x, t dt
∞

= ∫ , is  

  ceevee efkeâ heâueve g(t) > 0 Debuejeue [α, ∞[ hej 
meceekeâueveerÙe nw ØelÙeskeâ efveÙele x∈ I kesâ efueS heâueve 

h(x,t) meceekeâueveerÙe nw~ Ùeefo ( ) ( )h x, t g t≤ nes lees 

meceekeâueve ( ) ( )
a

f x h x, t dt
∞

= ∫  

 (a) convergent on I / I hej DeefYemeejer nw~  
 (b) not convergent on I/ I  hej DeefYemeejer veneR nw~ 
 (c) uniformly convergent on I / I  hej Skeâmeceeve 

DeefYemeejer nw~ 
 (d) not uniformly convergent on I/ I  hej Skeâmeceeve 

DeefYemeejer veneR nw~ 

Ans. (a): absolutely convergent on I 

If ( ) ( )h x, t g t≤ then  

 ( ) ( )
a a

h x, t dt g t dt
∞ ∞

≤∫ ∫ on I 

Now g(t)> 0 is integrable on [a,∞) and for each fixed x 

∈ I the function h(x,t) is integrable then by comparison 

principle, f(x) = ( )
a

h x, t dt
∞

∫ converges absolutely on I.   

46.  If the integral ( )f x dx
∞

−∞∫  exists as an improper 

Riemann integral for a non negative function 

f(x) which increases in (–∞, 0] and decreases in 

[0, ∞), then ( ) 2 in x

n

f x e dx
∞ ∞ − π

−∞
=−∞
∑ ∫  equals to    

  Skeâ $e+Ceslej heâueve f(x) pees efkeâ (–∞, 0] ceW yeÌ{lee Deewj  

[0, ∞)ceW Iešlee nes, kesâ efueS Ùeefo 

meceekeâueve ( )f x dx
∞

−∞∫ keâe DeefmlelJe Skeâ Deveble jerceeve 

meceekeâueve kesâ pewmee nes, lees ( ) 2 in x

n

f x e dx
∞ ∞ − π

−∞
=−∞
∑ ∫  kesâ 

yejeyej nesiee -  

 (a) 
n

f (m ) f (m )
∞

+ −

=−∞

+∑  

  (b) 
n

f (m ) f (m )
∞

+ −

=−∞

−∑   

 (c) 
n

f (n ) f (n )

2

+ −∞

=−∞

+
∑  

 (d) 
n

f (n ) f (n )

2

+ −∞

=−∞

−
∑  

Ans. (c) : The given integral involves a non negative 

function f(x), which satisfies the following property.  

1. f(x) increases on (–∞, 0] 

2. f(x) decreases on [0, ∞) 

3. The improper Riemann integral  

 f (x)dx
∞

−∞∫ exists  

we are tasked with evaluating 

 
2 inx

n

f (x)e dx
∞ ∞ − π

−∞
=−∞
∑ ∫  

the term 2 inxf (x)e dx
∞ − π

−∞∫ corresponding to the Fourier 

transformation of f(x) denoted by f (n) thus the  

  
n

f (n)
∞

=−∞
∑  

where  

 f(n) = 2 inxf (x).e dx
∞ − π

−∞∫  
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by applying the Poisson summation 

  
n m

f (n) f (m)
∞ ∞

=−∞ =−∞

=∑ ∑  

Thus the problem reduces to evaluating the summation  

  
m

f (m)
∞

=−∞
∑  

The value of 
m

f (m)
∞

=−∞
∑  is determined by the continuity 

and behavior of f(x) at the integer based on the option 

provided the correct result is  

   
( )

n

f (n ) f x

2

+ −∞

=−∞

+
∑  

47.  For the function f(x,y) defined as 

( )

( )

2

2 4

xy
,if x, y 0

x yf (x, y)

0 ,if x, y 0


≠ += 

 =

 at the origin 

directional derivative 
  heâueve f(x,y) pees efkeâ Fme Øekeâej heefjYeeef<ele nw - 

( )

( )

2

2 4

xy
, x, y 0

x yf (x, y)

0 , x, y 0


≠ += 

 = Ùeefo

Ùeeof
 

  Fmekesâ cetue efyevog hej efokeâd DeJekeâuepe keâe - 
 (a) exists and f(x) is continuous. / DeefmlelJe nw SJeb 

heâueve  f(x) melele nw~ 
 (b) exists and f(x) is not continuous. / DeefmlelJe nw 

SJeb heâueve  f(x) melele veneR nw~  
 (c) dose not exists and f(x) is continuous. / 

DeefmlelJe veneR nw SJeb heâueve  f(x) melele nw~ 
 (d) dose not exists and f(x) is not continuous./ 

DeefmlelJe veneR nw SJeb heâueve  f(x) melele veneR nw~ 
Ans. (b) : exists and f(x) is not continuous. 

Let ( )u = cos , sinθ θ
r

. 

Then directional derivative at the origin  

Duf(0,0) = 
t 0

f (t cos , t sin ) f (0,0)
lim ( t )

t→

θ θ −
−∞ < < ∞   

 = 
3 2

3 2 5 4t 0

t cos sin
lim

t cos t sin→

θ θ
θ+ θ

 

 = 
2

2 2 4t 0

cos sin
lim

cos t sin→

θ θ
θ + θ

 

 = 
2 2

2

cos .sin sin

cos cos

θ θ θ
=

θ θ
 

Now, if cos θ ≠ 0 then directional derivative at origin 

exists. 

If cosθ = 0 then sinθ ≠ 0 so the Duf(0,0) = 0. 

Thus directional derivative at origin exists. 

Now, if we put 2x my= and let y 0→ , we get 

 
4

2 4 4 2y 0

my m
lim

m y y m 1→
=

+ +
 

which is different for different value of m. 

Hence the 
( )

2

2 4(x, y) 0,0

xy
lim

x y→ +
does not exist. 

Thus, f(x, y) is not continuous at origin. 

48.  If T is a continuous linear transformation of 

Banach space B onto Banach space B' then.  
  Ùeefo T yeveeKe meceef° B keâe yeveeKe meceef° B' hej melele 

jwefKekeâ ™heeblejCe nes lees -  
 (a) T is an open mapping./ T Skeâ efJeJe=le ØeefleefÛe$eCe 

nw~  
 (b) T is a closed mapping. / T Skeâ mebJe=le ØeefleefÛe$eCe 

nw~  
 (c) T is open as well as closed mapping. / T efJeJe=le 

kesâ meeLe-meeLe mebJe=le ØeefleefÛe$eCe Yeer nw~ 
 (d) None of these /FveceW mes keâesF& venerb~ 
Ans. (c) : T is open as well as closed mapping. 

Open Mapping Theorem dictates that a linear 

transformation T of banach space B onto banach space 

B' must be open. 

 

The graph of a continuous linear transformation T of 

banach space B onto banach space B', denoted by G(T): 

 G(T) = ( ){ }x, y y T(x) B B'= ⊂ ×  

is closed in B × B'. 

Note :The official answer key released by the 

commission says (a). 
49.  If A and B are disjoint sets, then   
  Ùeefo A SbJe B DemebÙegòeâ mecegÛÛeÙe nw leye -  
 (a) m*(A∪B)≤ m*(A)+m*(B)  
 (b) m*(A∪B)≥ m*(A)+m*(B)  
 (c) m*(A∪B) = m*(A)+m*(B) 
 (d) None of these /FveceW mes keâesF& veneR 
Ans. (c) : m*(A∪B) = m*(A)+m*(B) 

Definition- Let m* be an outer measure on a set X. A 

subset A ⊂ X is Caratheodory measurable with respect 

to m*, or measurable if  

 m*(E) = m*(E ∩ A) + m*(E ∩ A
c
) 

for every subset E ⊂ X. Thus, a measurable set A splits 

any set E into disjoint pieces whose outer measures add 

up to the outer measure of E. 

If A is measurable and A ∩ B = φ (disjoint), then by 

taking E = A ∪ B, we see 

 m*( A ∪ B) = m*(A) + m*(B).    
50.  Metric d is known as pseudo metric if -  
  otefjkeâ d, Úoce otefjkeâ keânueeleer nw, Ùeefo- 
 (a) d(x, y) = 0 ⇒ x = y  
 (b) d(x, y) = 0 ⇔ x = y  
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 (c) x = y ⇒ d(x, y) = 0 

 (d) none of these / FveceW mes keâesF& veneR 

Ans. (c) : x = y ⇒ d(x, y) = 0 

Difinition- A pseudometric on a set X is a non-negative 

real-valued function d:X×X→R which satisfies the 

following conditions 

(a) if x = y, then d(x, y) = 0 

(b) d(x,y) = d(y,x) (symmetry) 

(c) d(x,y) ≤ d(x, z) +d(z,y) (tringle inequality), where 

x,y,z are arbitrary elements of X. 

In pseudometric it is not required that d(x,y) = 0 implies 

x = y.  

51.  Value of 
n

1 1 1
lim ...

n 1 n 2 n n→∞

 + + + + + + 
is -  

  
n

1 1 1
lim ...

n 1 n 2 n n→∞

 + + + + + + 
 keâe ceeve nesiee - 

 (a) 
1

log
2
 (b) log 1  

 (c) log 2  (d) log 4 
Ans. (c) : log 2  

we have 
n

n n
r 1

1 1 1 1
lim ... lim

n 1 n 2 n n n r→∞ →∞
=

 + + + = + + + + 
∑  

Now  
n n

n n
r 1 r 1

1 1 1
lim lim

rn r n
1

n

→∞ →∞
= =

 =  +    + 
 

∑ ∑ =
1

0

1
dx

1 x+∫  

         = 
1

0
log(1 x)+  

            = log2. 

52.  Every single valued differentiable function f(z) 

of complex variable z, in a domain D, satisfy  
  meefcceße Ûej z keâe ØelÙeskeâ Skeâue ceeve DeJekeâueveerÙe 

heâueve f(z) (Skeâ Øe#es$e ceW) mebleg° keâjlee nw- 
 (a) Laplace's equation/ueehueeme meceerkeâjCe   
 (b) Legendre's equation /uesiesv[^ meceerkeâjCe  
 (c) Laguerr's equation/uesiesj meceerkeâjCe 
 (d) Liouvile's equation/efueDeesefJeues meceerkeâjCe 
Ans. (a) : Laplace's equation 

Let f(z) = u(x, y) + iv(x, y); ∀z = x + iy ∈ D ⊆ C be a 

single valued function of complex variable z. If f(z) is  

differentiable function then u and v satisfy Cauchy - 

Riemann equations i.e.  

 ux = vy and vx = –uy  

where subscripts denote partial derivative. 

Now, we have uxx = vyx  and  vxy = –uyy (partially 

differentiating) 

⇒ Laplace's equation ; uxx + uyy = 0  is satisfied.  

53.  Zeros of an analytic function f(z) are 
  Skeâ JewMuessef<ekeâ heâueve kesâ MetvÙekeâ nesles nw -  
 (a) Simple zeros/meeOeejCe MetvÙekeâ   
 (b) Isolated singularities /efJeÙegòeâ efJeefÛe$elee   

 (c) non-isolated singularities /DeefJeÙegòeâ efJeefÛe$elee  
 (d) isolated /efJeÙegòeâ 
Ans. (d) : isolated 

Theorem- Suppose f is a holomorphic function in a 

region Ω that vanishes on a sequence of distinct points 

with a limit point in Ω. Then f is identically 0. 

Proof- Suppose that z0 ∈ Ω is a limit point for the 

sequence 
k 1k{w }
=

∞
and that f(wk) = 0. First, we show that 

f is identically zero in a small disc containing z0. 

Choose a disc D centered at z0 and contained in Ω, and 

consider the power series expansion of f in that disc  

 f(z) = ( )n

n 0

n 0

a z z
∞

=

−∑  

If f is not identically zero, there exists a smallest integer 

m such that am ≠ 0. But then we can write 

 f(z) = am(z–z0)
m
.(1+ g(z–z0)) 

where g(z–z0) converges to 0 as  z→z0.  

Taking z = wk ≠ z0
 
for a sequence of points converging 

to z0, we get a contradiction since am(wk – z0)
m ≠ 0 and 

1+g(wk – z0) ≠ 0, but f(wk) = 0. 

 

Let U denote the interior of the set of points where f(z) 

= 0 Then U is open by definition and non-empty. The 

set U is also closed since if zn∈ U and zn→z, then f(z) = 

0 by continuity, and f vanishes in a neighborhood of z 

by the argument above.  

Hence z∈U. Now if we let V denote the complement of 

U in Ω, we conclude that U and V are both open , 

disjoint, and  

 Ω = U ∪ V. 

since Ω is connected we conclude that either U or V is 

empty. 

Since z0 ∈ U, we find that U = Ω and the proof is 

complete. 

A complex number z0  is a zero for the holomorphic 

function if f(z0) = 0. In particular, above theorem 

(analytic continuation) shows that the zeros of a non-

trivial holomorphic function are isolated. 
54.  A function f(z) has no singularity in the finite 

part of the plane but has a pole of order m at 

infinity. then ,  
  efkeâmeer meceleue kesâ heefjefcele Yeeie ceW Skeâ heâueve f(z) keâer 

keâesF& efJeefÛe$elee veneR nesleer nw efkeâvleg Devevle hej m keâesefš 
keâe Skeâ Devevlekeâ nes lees, 

 (a) f(z) is a polynomial of degree m. / f(z), m Ieele 
keâe Skeâ yengheo nw~   

 (b) f(z) has zero of order m. / f(z), keâe MetvÙe m keâesefš 
keâe nw~  

 (c) f(z) has singularity. / f(z) efJeefÛe$elee  jKelee nw ~  
 (d) None of these/FveceW mes keâesF& venerb~ 
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Ans. (a): f(z) is a polynomial of degree m. 

If f is entire then f has a pole of order m at infinity if 

and only if the function g defined on C\{0} by g(z) = 

f
1

z

 
 
 

has a pole of order m at 0 i.e. there exists an entire 

function h such that  

 f
1

z

 
 
 

 = g(z) = 
m

h(z)

z
 and h(0) ≠ 0. 

Now   ( ) m

m

1
h

z
f z M z

z−

 
 
 = ≤ whenever z 1≥  

where M = ( )
z 1

max h z
≤

 

Now if r > 1 and k > m, then with γ(t) = re
it
 we have  

 ( ) ( )k

k 1

f wk!
f 0 dw

2 i w +γ
=

π ∫  

            
( )

( )

it
2

it

k 10 it

f rek!
ire dt

2 i re

π

+=
π ∫  

        ≤ ( )2
it

k 0

k!
f re dt

2 r

π

π ∫  

        ( )it

k
0 t 2

k!
2 max f re

2 r ≤ ≤ π
≤ π

π
 

        m

k

k!
2 Mr

2 r
≤ π

π
 

        =
k m

Mk!

r
−   

Since k > m it follows by letting r → ∞ that f
k
(0) = 0. 

Summarizing that if k > m then f
k
(0) = 0. This implies 

that the power series representation of f at 0 is in fact a 

polynomial with degree ≤ m. Now the degree equals m 

follows from that h(0) ≠ 0.     

55.  Value of integral  
( )( )2

c

zdz

9 z z i− +∫ , where C is 

the circle z 2=  (Using Cauchy's integral 

formula) equals to - 

  meceekeâue 
( )( )2

c

zdz

9 z z i− +∫ keâe ceeve, peneB efkeâ C Je=òe 

z 2=  nw, (keâe@Meer meceekeâue met$e Éeje) yejeyej nesiee - 

 (a) π/2 (b) π/3 
 (c) π/5 (d) π/7 

Ans. (c) : π/5 

Given 
( )( )2

C

zdz

9 z z i− +∫ ; C is the circle z 2= . 

Cauchy's integral formula :  

 f(a) = 
C

1 f (z)
dz

2 i z aπ −∫  for any point a ∈ D. 

So, we have   

 f(–i) = 
( )( )

( ) ( )2 2

C

1 zdz z
; f z

2 i 9 z z i 9 z
=

π − + −∫  

⇒ 
( )( ) ( )( )

2

2 2

C

2 i zdz

9 z z i9 i

− π
=

− +− −
∫  

⇒ 
( )( )2

C

zdz

59 z z i

π
=

− +∫  

56.  Contour integration 
( )

( )
2

20

log 1 x
dx

1 x

∞ +

+∫  gives 

value equals to,   
  heefjjsKeerÙe meceekeâue (keâvotj meceekeâue) 

( )
( )

2

20

log 1 x
dx

1 x

∞ +

+∫  keâe ceeve neslee nw - 

 (a) πlog2 (b) –πlog2  

 (c) log 2
2

π
 (d) log 2

2

π
−  

Ans. (a) : πlog2 

 

Let 
( ) ( )2

C C

log z i
dz f z dz

1 z

+
=

+∫ ∫  

,where C is the contour consisting of a large semi-circle 

γ of radius R in the upper half of the plane and the part 

of the real axis from x = –R to x = R. 

By residue theorem, we get 

 ( ) ( ) ( )
R

R
C

f z dz f x dx f z dz 2 i R
+

−
γ

= + = π∑∫ ∫ ∫  

Let, z = Re
iθ

, we get 

 ( )
( )i i

2 2i0

log Re i .Rie
f z dz d

1 R .e

θ θ
π

θ
γ

+
≤ θ

+∫ ∫  

    

i

i

20

i
log Re log 1

Re
Rd

R 1

θ
θπ

 + + 
 ≤ θ

−∫  

( )2 2i 2 2i 2 2i 2R e 1 R e 1 R .e 1 R 1θ θ θ + = − − ≥ − − = − Q  

( ) i

2 20

R log R R i
log 1 e d

R 1 R 1 R

π − θ+ θ  ≤ + + θ  − −   
∫  

 → 0 as R → ∞ 
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Now, since 
2

2 2R R

R log R log R R
lim lim . 0

R 1 R R 1→∞ →∞
= =

− −
 

and 
i

2R

R i
lim log(1 e ) 0

R 1 R

− θ

→∞
+ =

−
 

Hence when R→ ∞, we get  

  ( )f x dx 2 i R .
∞ +

−∞
= π∑∫  

Now f(z) has a simple pole at z = +i and a logarithmic 

singularity at z = –i of which z = i lies inside C. 

Residue of f(z)(at z = i)  

          = ( ) ( )
( )( )z i

log z i log 2i 1 i
lim z i log 2

z i z i 2i 2i 2→

+ π − = = + + −  
  

Therefore 
( )
2

log x i i
dx log 2

x 1 2

∞

−∞

+ π = π + +  ∫  

Equating real parts, we have 

 
( )2

2

log 1 x1
dx log 2

2 1 x

∞

−∞

+
= π

+∫  

Hence        
( )2

20

log 1 x
dx log 2

1 x

∞ +
= π

+∫  

57.  Value of integration ( )
2

cos

0
e .cos sin n d

π θ θ− θ θ =∫   

  meceekeâueve keâe ceeve - ( )
2

cos

0
e .cos sin n d

π θ θ− θ θ =∫  

 (a) 2πi/n (b) 2 / nπ   

 (c) 2π /n (d) 2πni 

Ans. (b) : 
2

n!

π
 

Consider I = ( )
2

cos

0
e cos sin n d

π θ θ− θ θ∫  

 = Real part of 
( )2 n sin icos

0
e .e d

π − θ− θθ θ∫  

 =Real part of
2

cos isin n i

0
e .e d

π θ+ θ − θ θ∫  

 =Real part of
i2

e n i

0
e .e d

θπ − θ θ∫  

i

i

i

n ni

z e

dz ie d

d dz / ie

d dz / iz

z e

θ

θ

θ

θ

 =
 

= θ 
 

θ = 
 θ = 
 = 

 

 = Real part of
z

n 1

c

1 e
dz

i z
+∫  

 = Real part of
c

1
f (z)dz

i ∫ ; c =  unit circle 

Clearly f(z) has a pole of order (n+1) at the origin 

The residue of (z) at the origin 

 = 
n

z

n

z 0

1 d
.e

n! dz
=

 
 
 

 

 = 
1

n!
 

Hence I = 2πi. 
1 1 2

.
i n! n!

π
=  

Equating real and imaginary parts, 

 ( )
2

cos

0

2
e cos sin n d

n!

π θ π
θ − θ θ =∫  

and ( )
2

cos

0
e sin n sin d 0

π θ θ − θ θ =∫  

58.  If an entire function is bounded then it is   
  Ùeefo meJe&$e JewMuewef<ekeâ heâueve heefjyeæ neslee nw, leye 

 (a) ( )f z M≥  

 (b) Constant / efveÙeleebkeâ  
 (c) Analytic/ JewMuesef<ekeâ 
 (d) None of these/ FveceW mes keâesF& veneR 
Ans. (b) : Constant. 

Liouville's Theorem- Let f be an entire function that is 

bounded then f is a constant function. 

Proof :f is bounded i.e. there is a real number M ≥ 0 

such that ( )f z M≤  for all z belonging to domain of f. 

Let a, b∈C. Consider γ(0,R) for a large R. By Cauchy 

Integral formula, we have  

 

( ) ( ) ( ) ( )
( )( )0,R 0,R

f z f z1 1
f a f b dz dz

2 i z a 2 i z bγ γ
− = −

π − π −∫ ∫  

assuming a, b is in interior of γ(0,R). We have 

 ( )*z a R a ; z 0,R− ≥ − ∀ ∈γ  

 ( )*z b R b ; z 0,R− ≥ − ∀ ∈γ  

Now, ( ) ( ) ( )( )
( )( )( )0,R

f z a b1
f a f b dz

2 i z a z bγ

−
− =

π − −∫  

       
( )

( )0,R

f z a b1
dz

z a z bγ

−
≤
2π − −∫  

       
( )

( )( ) ( )

0,R

0,R

1 1
M a b dz

2 z a z b

1 1
M a b dz

2 R a R b

γ

γ

≤ −
π − −

≤ −
π − −

∫

∫
 

      

( )( )

( )

1 1
M a b 2 R

2 R a R b

1
M a b

a
1 R b

R

= − π
π − −

= −
 

− − 
 

 

∴ ( ) ( )
( )

1
f a f b M a b

a
1 R b

R

− ≤ −
 

− − 
 
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As R →∞ ( )a
1 1& R b

R

 
− → − →∞ 

 
 

So ( ) ( )f a f b− becomes arbitrarily small & hence 

 f(a) = f(b) i.e. f is a constant function. 

59.  If (X, τ) is a topological space, then which one is 
not true?  

  Ùeefo (X, τ) Skeâ meebefmLeeflekeâ meceef° nw, leye 
efvecveefueefKele ceW mes keâewve mee me]ner veneR nw ? 

 (a) A complete regular space is regular./Skeâ  hetCe& 
mece meceef°mece nesleer nw ~  

 (b) Every subspace of a T2– space is a T1– space./ 

T2– meceef° keâer ØelÙeskeâ Ghemeceef° Skeâ T1– meceef° nw ~ 
 (c) Every metric space is a T1– space./ØelÙeskeâ otefjkeâ 

meceef° Skeâ T1– meceef° nw~ 
 (d) Every metric space is a Housdorff 

space./ØelÙeskeâ otefjkeâ meceef° Skeâ neGme[e@he&â meceef° nw~ 
Ans. (a) :  

Let X be a topological space. Suppose that one-point 
sets are closed in X. Then X is said to be regular if for 
each pair consisting of a point x and a closed set B 
disjoint from {x}, there exist disjoint open sets 
containing x and B respectively. 

A space X is completely regular if one-point sets are 
closed in X and if for each point x0 and each closed set 
A not containing x0, there is a continuous function  

f : X → [0,1] such that f(x0) = 1 and f(A) = {0}.  

A completely regular space is regular, since for given 

f, the sets  

1 1
f 0,

2

−   
    

 and 
1 1

f ,1
2

−   
    

 are disjoint open sets 

about A and x0. 

 

Every T2- space (Hausdorff space) is T1- space 

From the definition of T2 (Hausdorff) space- 

x, y X : x y : A,B : x A, y B : A B∨ ∈ ≠ ∃ ∈τ ∈ ∈ ∩ = φ  

so A : x A, y A and B : y B,x B.∃ ∈τ ∈ ∉ ∃ ∈τ ∈ ∉  

which is precisely the characterization of T1-space. 

Because every subspace of a Hausdorff space is 

Hausdorff, we have every subspace of Hausdorff space 

is T1 - space. 

Every metric space is a Hausdorff space because If x 

and y are distinct points of the metric space (X,d), we 

let ( )1
d x, y ;

2
ε = then the triangle inequality implies 

that Bd(x,ε) and Bd(y,ε) are disjoint and hence every 

metric space is T1-space. 

Not every regular space is completely regular. 

A topological space is regular if every closed subset and 

a point outside of that subset have non-overlapping 

open neighborhoods. 

A completely regular space is a type of topological 

space. 

60.  Any infinite subset A of a discrete topological 

space X is,/efJeÙegòeâ meebefmLeeflekeâ meceef° X keâe keâesF& Yeer 
Devevle Ghe mecegÛÛeÙe A nw~ 

 (a) not compact /Demebnle  
 (b) compact /mebnle  
 (c) compact and connected /mebnle SJeb mebyeæ 
 (d) connected only / kesâJeue mebyeæ 
Ans. (a) : not compact. 

Take the cover U = {{x}: x ∈ X} 

This is clearly an open cover of X because the topology 

is discrete and all subsets are open and every p∈ X  is 

{p}∈ µ. 

A finite subcover is a finite subset of U that together 
cover X too but if F is a finite subset of U then it 
consists of finitely many singletons {x1},{x2},...{xN} for 
some finite N. But X has infinitely many points so there 
are infinitely many x∉{x1,x2......xN}, say p. Then p is in 

none of the sets of F,and so this finite subset of U is not 
a cover of X. 
61.  The radius of curvature for the curve x = 3t, y 

= 3t
2
, z = 2t

3
 is   

  Je›eâ x = 3t, y = 3t
2
, z = 2t

3 
 kesâ efueS Je›eâlee ef$epÙee nw: 

 (a) ( )2
23

1 2t
2

+   (b) ( )21
1 2t

2
+   

 (c) ( )21
1 3t

2
+  (d) ( )2

23
1 t

2
+  

Ans. (a) : ( )2
23

1 2t
2

+  

Given curve  

  r = (3t,3t
2
,2t

3
) 

so,  r& = (3, 6t, 6t
2
) 

&  r&&= (0, 6, 12t) 

Now r r×& &&  = $( )218 2t i 2t j 1k− +$ $  

Now; curvature k = 
3

r r

r

×& &&

&
 

   = 
( )
( ) ( )

2

3 2
2 2

18 1 2t 2

27 1 2t 3 1 2t

+
=

+ +
 

∴ Radius of curvature ρ = 
1 3

k 2
=  (1+2t

2
)

2. 

62.  The principal radii at the origin of the surface  

  2z = 5x
2 
+ 4xy + 2y

2 is   
  melen 2z = 5x

2 
+ 4xy + 2y

2 keâer cetue efyevog hej ØecegKe 
ef$epÙeeSb nQ – 

 (a) 
1

1,
6

 (b) 
1

3,
2
  

 (c) 
1

2,
6

 (d) 
1

1,
2
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Ans. (a) : 
1

1,
6

  

Given 2z = 5x
2 
+ 4xy + 2y

2 

Now  1

z
z 5x 2y

x

∂
= = +

∂
 

 
2

z
z 2x 2y

y

∂
= = +

∂
 

  
2 2 2

2

z z z
5,& 2

x x y y x

∂ ∂ ∂
= = =

∂ ∂ ∂ ∂ ∂
 

At the origin 

 
2 2 2

2 2

z z z z z
0, 0, 5, 2

x y x yx y

∂ ∂ ∂ ∂ ∂
= = = = =

∂ ∂ ∂ ∂∂ ∂
 

Now, E = 1+

2
z

1,
x

∂  = ∂ 
F = 

z z
0

x y

 ∂ ∂  =  ∂ ∂  
  

G = 

2

z
1 1,

y

 ∂
+ = ∂ 

 H = 

22
z z

1 1
x y

 ∂ ∂ + + =  ∂ ∂   
 

So L = 

22

22

zz

yx 5,M 2
H H

∂∂
∂∂ = = =

2z

y x
N 2

H

∂
∂ ∂

= =  

and equation of principal curvature  

 ( )2 2 2

n n
H k K EN 2FM LG LN M 0− − + + − =  

gives 2

n n
k 7k 6 0− + =   

 ⇒ kn = 1, 6  

 ⇒ Principal radii 
1

1,
6

=  

63.  The geodesic on a right circular cylinder is :  
  uebye Je=òeerÙe yesueve hej Deuheeblejer nw- 

 (a) Circle /Je=òe  
 (b) Helix/kegbâ[efueveer (nsefuekeäme)  
 (c) Line/jsKee 
 (d) Ellipse/oerIe&Je=òe 

Ans. (b) : Helix 

Proposition- The geodesics on a right circular cylinder 

are helices. 

Proof- If the surface of a revolution is a right circular 

cylinder, the meridian are generators and the distance 

between the meridian and the axis of the cylinder is a 

constant a (say). 

Hence if ψ is the angle between the geodesic and the 

generator, then by Clairaut's theorem a sinψ = h where 

h is a constant. 

Thus sinψ = 
h

a
so that ψ is a constant. Hence a geodesic 

on a right circular cylinder cuts the generators at a 

constant angle and therefore it is a helix. 

64.  The length of the curve given as the 

intersection of the surfaces 
2 2

2 2

x y

a b
− = 1, x= a 

cosh
z

a

 
 
 

 from the point (a,0,0) to the point 

(x,y,z). 

  efoS ieS meleneW 
2 2

2 2

x y

a b
− = 1, x= a cosh

z

a

 
 
 

 kesâ 

ØeefleÛÚsove hej, efyevog (a,0,0)mes efyevog (x,y,z) lekeâ Je›eâ 
keâer uebcyeeF& nw - 

 (a) 
2 2y a b

b

+
 (b) 

2 2x a b

b

+
  

 (c) 
2 2y a b

a

+
 (d) 

2 2x a b

a

+
 

Ans. (a) : 
2 2y a b

b

+
 

We have 
2 2

2 2

x y
1

a b
− =  

and 
z

x a cosh
a

=   
z

t
a

 = 
 

 

Let  x a cosh t, y bsinh t, z at= = =  

Clearly both the curves are satisfied. 

Let r be the position vector of the point (x, y, z) on the 

given curve 

∴ r = ( ) $(a cosh t)i bsinh t j atk+ +$ $  

At the point (a, 0, 0) we have 

 acosh t = a,  b sinh t = 0, at = 0 ⇒ t = 0 

 r& = ( ) $(a sinh t)i bcosh t j ak+ +$ $  

 2 2 2 2 2r a sinh t b cosh t a= + +&  

 ( )2 2 2 2a sinh t 1 b cosh t= + +  

 ( )2 2 2 2 2 2a cosh t b cosh t a b cosh t= + = +  

∴ Length of the given curve 

 
t t

2 2

0 0
r dt a b cosh t dt= = +∫ ∫&  

 
t2 2 2 2

0
a b sinh t a b sinh t= + = +  

 
2 2a b

y
b

+
=  

65.  A subset Y of a topological space (X, τ) is no 

where dense if - 
  efkeâmeer meebefmLeeflekeâ meceef° (X, τ) keâe keâesF& GhemecegÛÛeÙe 

Y keâneRb hej Yeer meIeve veneR neslee nw , Ùeefo-  
 (a) Y has empty interior/ Y keâe efjòeâ DeYÙeblej nes   
 (b) Y  has empty interior/ Y  keâe efjòeâ DeYÙeblej nes   
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 (c) Closure of interior Y is non empty /DeYÙeblej Y 

keâe mebJejkeâ Deefjòeâ nes 
 (d) None of these /FveceW mes keâesF& veneR  

Ans. (b) : Y has empty interior. 

Let Y be a subset of a topological space (X, τ) then Y is 
the closure of Y. 

Definition- A subset Y of a topological space (X, τ) is 

nowhere-dense in X if Y has empty interior.  
66.  How many linearly independent solution may 

exist, of a linear homogeneous equation of 

order n ?  
  n keâesefš kesâ jwefKekeâ meceIeele meceerkeâjCe kesâ efkeâleves 

jwefKekeâle: mJeleb$e nue DeefmlelJe ceW nes mekeâleW nQ ? 
 (a) More than n/ n mes DeefOekeâ   
 (b) n +1 only / n +1 kesâJeue  
 (c) n – 1  only / n – 1kesâJeue 
 (d) less than or equals to n/mes keâce DeLeJee yejeyej 
Ans. (d) : Less than or equal to n. 

Linear equation of order n 

( )n

1 n 1 n 1 nD b (x)D ...... b (x)D b (x) y R x− − + + + + =  ; 

d
D

dx
≡ . 

The corresponding homogeneous equation is  

 

( ) ( ) ( )n n 1

1 n 1 nD b x D .... b x D b x y 0
−

− + + + + =   

There may exist at most n linearly independent solution of 
above homogeneous equation. 

67.  Singular solution of the differential equation  
  ( )3 2

8p 27 x 12p y− =  is 

  DeJekeâueve meceerkeâjCe ( )3 28p 27 x 12p y− = keâe efJeefÛe$e 

nue nw- 
 (a) 4y

3
 + x

3
 = 0  (b) 4y

3
 + 27x

3
 = 0 

 (c) 4y
3
 – 27x

3
 = 0 (d) 4y

3
 – x

3
 = 0 

Ans. (b) : 4y
3 
+ 27x

3
 = 0 

The given equation (8p
3
–27)x =12p

2
y ; p = 

dy

dx
 

 y = 
2

2 9 x
px

3 4 p

 
−  

 
 

On differentiating; we get  

p = 
2 3

2 dp 9 1 2x dp
p x

3 dx 4 dxp p

  + − −  
   

 

or  
2 3

1 9 dp 2 9 dp
p x

3 4p dx 3 2p dx

 
+ − + 

 
= 0 

or 
3 3

1 27 2x dp 27
p 1 1 0

3 4p 3 dx 4p

   
+ − + =   

   
 

or 
3

1 27 dp
1 p 2x 0

3 4p dx

  + − =  
  

 

Omitting the first factor which does not involve 
dp

,
dx

we 

get 
dp

p 2x 0
dx

− =  or 
2 1

dp dx
p x

= . 

Integrating, we get 

             2logp = logx + log
9

4c

 
 
 

  

             or p
2
 = x

9

4c

 
 
 

 

 or p = ±

1

23 x

2 c

 
 
 

 

Now putting this value of p in the equation required 

general solution is 

  y = 

3

2

1

2

x
c

c

 
 ± −  
 

 

or  ( )
1 3

2 2c y c x+ = ±   

or   c(y + c)
2
 = x

3 

Differentiating w.r.t. c ;  

 (y + c)
2
 + 2c(y + c) = 0  

or  (y + c) (y + 3c) = 0  

 ⇒ y + c = 0  

or  y + 3c = 0  

 ⇒ c = –y  or c = 
y

3
−  

When c = –y we have x
3
 = 0 or x = 0 

when c = 
y

3

−
we have 4y

3
 + 27x

3
 = 0 

These are the required singular solutions. 

68.  The general solution of the Partial Differential 

Equation ( ) ( ) 2 2y zx p x yz q x y+ − + = −  is 

  DebefMekeâ DeJekeâue meceerkeâjCe  

  ( ) ( ) 2 2y zx p x yz q x y+ − + = −  keâe JÙeehekeâ nue nw  

 (a) φ(x
2
 + y

2 
+ z

2
, xy + z) = 0  

 (b) φ(x
2
 + y

2 
– z

2
, xy + z) = 0 

 (c) φ(x
2
 + y

2 
+ z

2
, xyz) = 0 

 (d) φ(xy + yz
 
+ zx, xyz) = 0 

Ans. (b) : φ(x
2
 + y

2 
– z

2
, xy + z) = 0 

Given (y + zx)p – (x + yz)q = x
2 
– y

2 

Here the Lagrange's auxiliary equations are 

 
( ) 2 2

dx dy dz

y zx x yz x y
= =

+ − + −
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Choosing x,y, –z as multipliers, we get 

 

2 2

xdx ydy zdz xdx ydy zdz

x(y zx) y(x yz) z(x y ) 0

+ − + −
=

+ − + − −
 

∴  xdx + ydy + (–zdz) = 0  

⇒  2xdx + 2ydy – 2zdz = 0 

Integrating, we get   

⇒ x
2
 + y

2
 – z

2
 = c1, c1- arbitrary constant. 

Now choosing y, x, 1 as multipliers, we get 

 

( ) ( ) 2 2

ydx xdy dz ydx xdy dz

0y y zx x x yz x y

+ + + +
=

+ − + + −
 

∴  ydx + xdy + dz = 0   

or  d(xy) + dz = 0 

Integrating, we get   

 xy + z = c2; c2 - arbitrary constant 

∴ The required solution is  

 φ(x
2 

+ y
2
– z

2
, xy + z) = 0, φ being an arbitrary 

function. 
69.  The complete integral of q = (z + px)

2
 is   

  q = (z + px)
2 
 keâe hetCe& meceekeâue nw -  

 (a) xy = 2 a x + ax + b  

 (b) xy = 2 a x + ay + b  

 (c) yz = 2 a y + ay + b 

 (d) xz = 2 a x + ay + b 

Ans. (d) : xz = 2 a x + ay + b  
Given q = (z + px)

2
 ⇒ f(x,y,z,p,q) = (z + px)

2
 – q = 0 

Charpit's auxiliary equations are 

x z y z p q P q

dp dq dz dx dy

f pf f qf pf qf f f
= = = = −

+ + − − −
 

or 
( ) ( ) ( )

( ) ( )

dp dq

2p z px 2p z px 2q z px

dz dx dy

2px z px q 2x z px 1

=
+ + + +

= =
− + + − + −

 

Taking the second and fourth fractions 
1 1

dq dx
q x

= −  

Integrating, logq = loga –log x ⇒q = 
a

x
  

substituting this value of q in equation ; we have  

 (z + px)
2
 = 

a

x
  

or  px = 
a

x
–z  

or  p = 
a z

xx x
−  

∴  dz = pdx + qdy = 
a z a

dx dy
x xx x

 
− +  

 
 

or  xdz = 
1

2ax dx zdx ady
−

− +   

or  
1

2xdz zdx a dx ady
−

+ = +  

or d(xz) = 2 a x ay b+ + ; a and b being 

arbitrary constants is the required solution.  

70.  The singular solution of the differential 

equation p
3
 – 4xyp + 8y

2
 = 0  

  DeJekeâue meceerkeâjCe p
3
 – 4xyp + 8y

2
 = 0 keâe efJeefÛe$e 

nue nw -  
 (a) 4y

3
 = 27x (b) 27y

3
 = 4x  

 (c) 27y = 4x
3 (d) 4y = 27x

3 
Ans. (c) : 27y = 4x

3 

Given  p
3 
– 4xyp + 8y

2
 = 0 

Solving for x, we get x = 
3 2 2p 8y p 2y

4yp 4y p

+
= +  

Differentiating w.r.t. y we get  

 
2

2 2

1 p dp p 2 2y dp

p 2y dy 4y p p dy
= − + −  

or  
2

2 2

dp p 2y p 1

dy 2y p 4y p

 
− = − 

 
   

 i.e.  
dp p

dy 2y
=  

in which variables are separable. The solution is  

  p
2
 = cy 

Eliminating p between this and the original differential 

equation we get  

 
3 3 1 3

22 2 2 2c y 4c xy 8y 0− + =  

or  
1 1

2 2
1 1

c c x y
2 4

 − = − 
 

 

Hence,  y= c(x–c)
2
 ; c – arbitrary constant 

Now differentiating w.r.t c we have  

 (c – x)
2 
+ 2c(c – x) = 0  

⇒  (c – x) (3c–x) = 0  

⇒  c = x or  c = 
x

3
 

Now, when c = x we have 

 y = 0 

and when c = 
x

3
we have 

 

2
x x

y x
3 3

 = − 
 

 

or y = 

2
x 2x

3 3

 
 
 

 

or 27y = 4x
3
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Assistant Professor 2014 

 Solved Paper  [Exam Date : 07.12.2014]

1.  The principal value of ( )log –1 + i 3 is: 

  ( )log –1 + i 3 keâe cetue ceeve nwŠ 

 (a) 
π

log 2 – i
6

  (b) 
2π

log 2 – i
6

  

 (c) 
2π

log 2 + i
3

 (d) 
π

log 2 + i
6

 

Ans. (c) : Principal value of log(–1+ i 3 ) is given by  

log (–1 i 3) log –1 i 3 i arg(–1 i 3)+ = + + +  

=log2+
2

i
3

π
 

2.  Let ν be the ellipse 
2 2

2 2

x y
+ = 1

a b
. Then ∫ν

xdz =:   

  ceevee efkeâ ν  Skeâ oerIe&Je=òe 
2 2

2 2

x y
+ = 1

a b
 nw, lees 

∫ν
xdz =:  

 (a) i abπ   (b) abπ   
 (c) ab  (d) 0  

Ans. (a) : Given ellipse 
2 2

2 2

x y
1

a b
+ = is represented by  

z (θ) = a cosθ + i  b sinθ, 0 ≤ θ ≤ 2π  

Hence 
dz

–a sin ibcos
d

= θ + θ
θ

 

So, the given integral becomes 

  I=

2

0

Re(z( ))(–a sin ibcos )d

π

θ θ + θ θ∫  

  I=

2

0

a cos (–a sin ibcos )d

π

θ θ + θ θ∫  

 

2 2

2 2

0 0

I –a cos sin d i abcos d

π π

∴ = θ θ θ + θ θ∫ ∫  

 

0 2

2

0 0

iab
–a tdt (cos2 1)d

2

π

= + θ + θ∫ ∫  
sin t

cos d dt

θ = 
 

θ θ = 
 

 (Substituting sinθ = t in first integral.) 

 0 i ab= + π  

 i ab.= π  

3.  "An entire function which is bounded on C has 
to be constant", what is this well known result 
called?  

  ‘‘Skeâ mechetCe& heâueve pees efkeâ C hej heefjyeæ nw, DeÛej 
nesiee’’, Fme megØeefmeæ heefjCeece keâes keäÙee keânles nQ? 

 (a) Cauchy's Therorem/keâesMeer ØecesÙe  
 (b) Liouville Theorem/efueÙeesefJeuues ØecesÙe  
 (c) Morera's Theorem/ceesjje ØecesÙe 
 (d) Taylor's Theorem/šsuej ØecesÙe 
Ans. (b) : Liouville's Theorem:- Let f be an entire 
function that is bounded on C. Then f is a constant 
function.  
4.  What is the radius of convergence of the power 

series 
∞

∑ n n

n=1

(3 + 4i) z ?  

  IeeleerÙe ßesCeer 
∞

∑ n n

n=1

(3 + 4i) z keâer DeefYemeeefjlee keâer 

ef$epÙee keäÙee nQ? 
 (a) 5  (b) 0  
 (c) 1/5 (d) 1/4 
Ans. (c) : Here an= (3+4i)

n  
Radius of convergence  

 
n

n

n

1
R

lim a 1

n a

1

lim (3 4i)
→∞

=
+

→ ∞

=
+

 

 = 1/5 

5.  Which of the following statements is not 

true? f
z

z

e
For z C,if (z) = ,

e – 1
∈   

  efvecveefueefKele ceW mes keâewve mee keâLeve melÙe veneR nw? 

z C∈ kesâ efueS, Ùeefo 
z

z

e
f (z) = ,

e – 1
lees: 

 (a) f is entirely analytic./ f meJe&$e JewMuesef<ekeâ nw~ 
 (b) The only singularities of f are poles./ f keâer 

Skeâcee$e efJeefÛe$eleeS@ Devevlekeâ nQ~ 
 (c) f has infinitely many poles on the imaginary 

axis./DeefOekeâefuhele De#e hej f kesâ Deveblele: yengle 
Devevlekeâ nw~ 

 (d) each pole of f is simple./ f keâe nj Skeâ Devevlekeâ 
SkeâIeele nw~ 
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Ans. (a): Here 
z

z

e
f (z) ;

e –1
= z∈C to be analytic at z= 

2nπi; n=0, 1, 2....± ± because denominator e
z–1 vanishes 

only where e
z
=1=e

i2nπi
 which gives  

z 2n i;n 0, 1, 2,....= π = ± ±   
Hence, f is not an entire function, only singularities of f 
are poles, each pole is simple and f has infinitely many 
poles on the imaginary axis. 

 

6.  When is the cross-ratio of four points in C 

real?  
  C ceW Ûeej efyevogDeeW keâe efleÙe&keâ Devegheele, JeemleefJekeâ keâye 

nesiee? 
 (a) two of them lie on a circle/GveceW mes oes Je=òe hej neW  
 (b) three of them lie on a circle/GveceW mes leerve Je=òe hej 

nes  
 (c) all the four lie on a circle/meYeer ÛeejeW Je=òe hej neW 
 (d) one of them lies on a circle/GveceW mes Skeâ Je=òe hej 

nes 
Ans. (c) : The cross ratio (z1,z2,z3,z4) is real if and only 
if the four points lie on a circle or on a straight line for 
we obtain  

arg (z1,z2,z3,z4) =arg 1 3 2 3

1 4 2 4

z – z z – z
– arg

z – z z – z
 

and if the points lie on a circle this difference of angles 

in either 0 or ±π , depending on the relative location. 

 

7.  Where do all the zeros of z
4 + 6z + 3 = 0 lie? 

  z
4 + 6z + 3 = 0 kesâ meejs MetvÙe keâneB neWies? 

 (a) z 2<   (b) z 1<   

 (c) 1 z 2< <  (d) z 2>  

Ans. (c) : Let find the range of |z| for the roots of z
4
 + 

6z + 3 = 0 mathematically.  

Let |z| = r. For a root z, we have:  

|z
4
| = |6z + 3| ≤ |6z| + |3| = 6r + 3. 

thus:  

 r
4
 ≤ 6r + 3 

Define:  

 f(r) = r
4
 – 6r – 3 

we solve f(r) = 0 for r > 0 

Behavior of f(r): 

for  r = 0, f(0) = – 3 < 0 

As  r → ∞, f(r) → ∞.  

critical points: Differentiate f(r) 

 f '(r) = 4r
3
 – 6  

Solve f '(r) = 0  

 r
3
 = 

3

2
 

For r > 0, f(r) changes sign near  

 r ≈ 1.2 and r ≈ 2 

Numerical or graphical analysis of  

 f(r) = 0 confirms:  

 1 < r < 2 

The roots satisfy 1 < |z| < 2   

8.  Which of the following statements is not true?  
  efvecveefueefKele ceW mes keâewve mee keâLeve melÙe veneR nw? 
 (a) Zeros of an analytic functions are 

isolated./efJeMuesef<ekeâ heâueve kesâ MetvÙekeâ DeeFmeesuesšs[ 
nesles nQ~  

 (b) If an analytic function vanishes on a set with 

a limit point. then it is identically zero./Ùeefo 
efJeMuesef<ekeâ heâueve Ssmes mecegÛÛeÙe hej, efpemekeâe Skeâ meercee 
efyevog nes, MetvÙe nes Jen heâueve mJeÙeb ner MetvÙe neslee nw~  

 (c) Poles are isolated/Devevlekeâ DeeFmeesuesšs[ nQ~ 
 (d) A non-zero analytic function can have zeros 

of infinite order. /MetvÙeslej efJeMues<ekeâ heâueve kesâ Deveble 
keâesefš kesâ MetvÙekeâ nes mekeâles nQ~ 

Ans. (d) : If f(z) is analytic in a region Ω containing a , 

then 

( )
( )

( )
(n 1)

n 1 nn
f a f (a)f '(a)

f (z) f (a) (z – a) ... z a (z – a)
1! n 1 ! n!

−
−

= + + + − +
−

  

where fn(z) is analytic in Ω  

If f(a) and all derivative f
(n)

(a) vanish then  

f(z)=fn(z)(z–a)
n
 

for any n. Draw a circle C of radius R about a so that C 

and its inside are contained in Ω. The absolute value 

f (z) has a maximum M on C; we find  

( )n n 1

M
f (z)

R R z a−
≤

− −
 

for z – a R.< Thus we have 

n

z – a MR
f (z)

R R – z – a

 
≤  

 
 

But 

n

z – a
0 for n ,since z – a R.

R

 
→ → ∞ < 

 
Here  

f (z)=0 inside of C. 

We show now that f(z) is identically zero in all of Ω. 

Let E1 be the set on which f(z) and all derivatives 

vanish and E2 the set on which the function or one of 

the derivatives is different from zero. E1 is open by the 

above reasoning and E2 is open because the function 

and all derivatives are continuous. Therefore either E1 

or E2 must be empty. If E2 is empty, the function is 

identically zero. If E1 is empty f(z) can never vanish 

together with all its derivatives. 
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Assume that f(z) is not identically zero. Then, If f(a) = 0 
,there exists a first f

h
(a) which is different from zero, 

then a is a zero of order h and hence there are no zeros 
of infinite order.  

In this context, an analytic function has the same local 
behavior as a polynomial, and so we can write  

f(z) = (z – a)
h
 fh (z) 

where fh (z) is analytic and fh(a) ≠ 0. 

Since, fh(z) is continuous, fh(z) ≠ 0 in a neighborhood of 
a and z = a is the only zero of f(z) in the neighborhood 
so, the zeros of an analytic function which does not 
vanish identically are isolated.  

If 
x a
limf (z)

→
= ∞ , the point a is said to be a pole of f(z), 

and we get f(a)= ∞. More precisely, to every a 
∈Ω there shall exist a neighborhood 

z – a ,< δ contained in Ω , such that either f(z) is 

analytic in the whole neighborhood, or else f(z) is 

analytic for 0 z – a ,< < δ and the isolated singularity is 

a pole.  

Only zero function can have zeros of infinite order.   

9.  Two norms 
1 2

. and . on the same vector space 

X are equivalent if and only if there are positive 
real numbers α andβ such that for x X :∈  

  efkeâmeer meefoMe DeekeâeMe X  hej oes Øeceehe 
(norms)

1 2
. and .  meceleguÙe neWies Ùeefo Deewj kesâJeue 

Ùeefo oes Oeveelcekeâ JeemJeefJekeâ mebKÙeeSB α Deewj β Fme 
Øekeâej nQ efkeâ x X :∈ kesâ efueS: 

 (a) 
1 2 1

x x xα ≤ ≤ β  (b)
2 2 1

x x xα ≤ ≤ β   

 (c) 
1 2 2

x x xα ≤ ≤ β (d)
2 1 1

x x xα ≤ ≤ β  

Ans. (a) : Two norms defined on the same vector space 
are said to be equivalent if the topologies induced by 
these two norms coincide. 

 The topologies induced by the two 

norms
(1)

. and
(2)

.  on a vector space X coincide if, 

and only if, the identity mapping  

(1) (2)
I :{X, . } {X, . }→  

 is an isomorphism i.e. there exist two constants K1 > 0 
and K2 > 0 such that 

2 1(2) (1) (1) (2)
x K x and x K x≤ ≤  

 for all x X∈ . On setting α = 1
1K−  and β = K2 we get 

that two norms are equivalent if, and only if, there exist 

two constants α > 0 and β > 0 such that, for all x X∈ , 

(1) (2) (1)
x x x .α ≤ ≤ β  

10.  Which of the following is true?  
  efvecveefueefKele ceW mes keâewve-mee keâLeve melÙe nQ? 
 (a) An inner product space is a Banach space 

  /Skeâ Deevlej iegCeve DeekeâeMe yeveekeâ DeekeâeMe neslee nQ~  
 (b) An inner product space is a Hilbert space 

  /Skeâ Deevelej iegCeve DeekeâeMe efnuyeš& DeekeâeMe neslee nw~  

 (c) A Hilbert space is a complete inner product 

space/Skeâ efnuyeš& DeekeâeMe Skeâ hetCe& Deevlej iegCeve 
DeekeâeMe nQ~ 

 (d) Every Banach space is a Hilbert space 

  /ØelÙeskeâ yeveekeâ DeekeâeMe Skeâ efnuyeš& DeekeâeMe nQ~ 
Ans. (c) : An inner product space is a normed vector 
space. 

Definition-  A Hilbert space is a Banach space whose 
norm comes from an inner product.  
11.  Which of the following statemnets is true?  
  efvecveefueefKele ceW mes keâewve-mee keâLeve melÙe nQ? 
 (a) l2 space is not a topological space.

/l2DeekeâeMe Skeâ mebefmLeleerÙe (topological) DeekeâeMe veneR 
nw  

 (b) lp, p 2≠ is a Hilbert space./lp p 2≠ Skeâ efnuyeš& 
DeekeâeMe nw~  

 (c) lp, p 2≠ is not a Banach space./lp, p 2≠ yeveekeâ 
DeekeâeMe veneR nw~ 

 (d) l2 space is Hilbert space./ l2DeekeâeMe Skeâ efnuyeš& 
DeekeâeMe nQ~ 

Ans. (d) : Consider sets of real (or complex) sequences  

x=(x1, x2, x3,..., xi, .....) 
Let 1 p .≤ < ∞ we define the space 

p

p i

i 1

x x
∞

=

 
= < ∞ 

 
∑l  

Then lp is a Banach space.  

Now, consider the space l2 for x and y 
2
,define∈ l  

(x,y) = 
i i

i 1

x y
∞

=
∑  

Where x = (xi) and y = (yi) are real sequences. Again, if 

the base field is C, then we define 

i i

i 1

(x, y) x y
∞

=

= ∑  

This makes l2 into a Hilbert space.  

12.  The norm of an identity operator is:  
  DeefYeVe (identity) mebkeâejkeâ keâe Øeceehe nQ: 
 (a) 1  (b) 0  
 (c) 10 (d) 2 
Ans. (a) : The norm of the identity operator, 

x
I : X X→  is 1 i.e. 

x
I 1.=   

13.  Let X and Y be normed spaces over the same 

field F and T:X → Y is a bounded linear 

operator. Let N(T) denote the null space Then 

which of the following statements is correct?  
  ceeve efueÙee efkeâ X Deewj Y Skeâ ner #es$e F hej ØeceeheerÙe 

(normed) DeekeâeMe nQ leLee T:X → Y Skeâ yebefOele 
jsKeerÙe mebkeâejkeâ nw~ ceeve efueÙee efkeâ N(T)  MetvÙe DeekeâeMe 
keâes efve™efhele keâjlee nw~ lees efvecveefueefKele ceW mes keâewve mee 
keâLeve melÙe nw? 
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 (a) { }N(T) = φ   

 (b) N(T)  is an open set/ N(T)  Skeâ Keguee mecegÛÛeÙe nw  
 (c) N(T) =X 
 (d) N(T) is closed set/ N(T) Skeâ yevo mecegÛÛeÙe nw 
Ans. (d) : The null space N(T) is closed.  

Proof- Let x N(T) X∈ ⊆ and a sequence xn 
N(T)∈ with xn x→ as n → ∞ . 

We have 0 = T(xn). Taking n → ∞ and using 

n n
T(x ) – T(x) T x – x≤ , we get 0 = T(x) and hence 

x N(T)∈  

So, N(T) is closed. 
14.  A continuous function f:X → Y of topologial 

spaces preserves a property P if f(A) satisfies P 
whenever, A satisfies. Which of the following 

are not preserved by f?  
  (i) Compactness 

  (ii) Connectedness 

  (iii) Openness 

  mebefmLeefle meceef° keâe Skeâ melele heâueve f:X → Y iegCe keâes 
mebjef#ele keâjlee nw, Ùeefo f(A),P keâes mebleg° keâjlee nw peye 
keâYeer A, P keâes mebleg° keâjlee nw~ efvecveefueefKele ceW mes keâewve 
mes kesâ Éeje mebjef#ele veneR efkeâÙes peeles nQ? 

  (i) mebnlee 
  (ii) mecyeælee 
  (iii) efJeJe=lelee 
 (a) (i)  (b) (ii)  
 (c) (i), (ii) (d) (iii) 
Ans. (d) :Consider a continuous function f:X Y→  

defined by f(x)=x
2
 and A is the open interval (–1, 1) 

then f(A) is the interval [0,1) which is not open. 

  

Connectedness- The image of a connected space under a 
continuous map is connected.  

PROOF. Let f:X Y→  be continuous map; Let X be 

connected. Consider the case of a continuous subjective 

map (by restricting its range to the space Z Y)⊆  

Suppose Z=A B∪ is a separation of Z into two disjoint 
nonempty sets open in Z. Then g

–1
 (A) and g

–1
 (B) are 

disjoint sets whose union is X; they are open in X 
because g is continuous, and non-empty because g is 
subjective. Therefore, they form a separation of X, 
contradicting the assumption that X is connected. 

  

Compactness- The image of a compact space under a 
continuous map is compact.   

Proof- Let f:X Y→ be continuous; Let X be compact. 

Let Ω  be a covering of the set f(X) by sets open in Y. 
The collection 

–1
{f (A) A }∈Ω  

is a  collection of sets covering X; these sets are open in 
X because f is continuous. Hence, finitely many of 
them, say  

f 
–1

(A1),......, f
–1

(An) 
cover X. Then the sets A1, ......, An cover f(X) 

15.  Let X be an infinite set with discrete topology, 

then which of the following is true?  
  ceeve uees efJeefJeòeâ mebefmLeefle kesâ meeLe ceW Skeâ Deveble 

mecegÛÛeÙe nw, lees efvecveefueefKele ceW mes keâewve mee keâLeve 
melÙe nw? 

 (a) X is connected/ X mecyeæ nw  
 (b) X is compact/ X mebnle nw  
 (c) Every function from X to another topological 

space is continuous/ØelÙeskeâ heâueve X mes DevÙe 
mebefmLeefle meceef° hej, melele nw~ 

 (d) X is not a T1-space/ X, meT1-meceef° veneR nw~ 
Ans. (c) : Let X be an infinite set; the collection of all 
subsets of X is a topology on X, called the discrete 
topology. Every function from X with discrete topology 
is continuous because any subset of X is open, so the 
pre image of every subset of the co-domain is open. 
16.  Let X be countably infinite discrete topological 

space which is homeomorphic to the subspace y 
of � with usual topology. Then which of the 
following can be Y? 

  (i) Q 

  (ii) Z 

  (iii) 
 
 
 

1
;n N 0

n
∈ ∪  

  (iv) N 
  ceeve uees X Skeâ ieCveerÙe Deveble efJeefJeòeâ mebefmLeefle nw, pees 

efkeâ meeceevÙe mebefmLeefle kesâ meeLe kesâ �  GhemecegÛÛÙe Y mes 
nesefceÙeesceesefhe&âkeâ nw~ efvecveefueefKele ceW mes keâewve mee Y nes 
mekeâlee nw? 

 (a) (ii), (iii), (iv)  (b) (i), (ii), (iii)  
 (c) (i), (iii), (iv) (d) (ii), (iv) 
Ans. () : A homeomorphism is a bijection f:X→ Ysuch 

that f: X→ Y and f
–1

 : Y→ X are both continouous. 
Spaces X and Y are homeomprphic.  

Now if space X is countably infinite topological space 
homeomorphic to the subspace Y of R with usual 

topology then Y can be any one of , or ;� � � countable 

sets of R.  

Now Let X={0} {1/ n : n N}∪ ∈ as a subspace of R and 

consider N with the discrete - topology (inherited from 
R). Consider the bijection f:N X→ defined by f(0)=0 

and f(n) = 1/n. f is continuous. The inverse bisection is 
not continuous. {0} is open, but the image f({0}) = {0} 
is not open in X. This is because any open ball around 0 
in R contains some 1/n. 
17.  Let X be an uncountable set. Then which of the 

following collections T of subsets of X is not a 

topology?  
  ceeve pees X Skeâ DeieCeveerÙe mecegÛÛeÙe nw~ lees 

efvecveefueefKele ceW mes keâewve-mee X kesâ GhemecegÛÛeÙeeW keâe 
meb«en T Skeâ mebefmLeefle veneR nw~  
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 (a) T = P(X), then power set of X  
 (b) T = {X,ϕ}  
 (c) T = (A ⊆X A=X or X–A is countable} 
 (d) T {A X X – Ais countable}= ⊆  

Ans. (c) : If X is any set, the collection of all subsets of 
X is a topology on X, called the discrete topology.  

The collection of X and φ only is also a topology on X, 

called the indiscrete topology, or the trivial topology.  

Let Ω be the collection of all subsets A of X such that 

X–A either is countable or is all of X. Then Ω is a 
topology on X.  

Now T {A X : A= ⊆ is finite or A=X} is not a 

topology, even though ,Xφ ∈Ω , any infinite proper 

subset Y X⊆ can be written as the union  

Y Y
y U {y}

∈
=  

Each {y} is in Ω, but their union Y is not contained in 

Ω.  

18.  What does the tychonoff Theorem assert?  
  šerÛeesveesheäheâ (Tychonoff) ØecesÙe keäÙee peesj oslee nw? 
 (a) Product of compact spaces is compact/mebnle 

meceef°eW keâe iegCeve mebnle neslee nw~  
 (b) Product of connected spaces is 

connected/mecyeæ meceef°eW keâe iegCeve mecyeæ neslee nw~  
 (c) Product of Hausdorff spaces is 

Hausdorff/neGme[e@he&â meceef°eeW keâe iegCeve neGme[e@he&â 
neslee nw~ 

 (d) Product of normal spaces is normal/meeceevÙe 
meceef°ÙeeW keâe iegCeve  meeceevÙe neslee nw~ 

Ans. (a) : Tychonoff Theorem- An arbitrary product of 
compact spaces in compact in the product topology.  

19.  The equation of a normal plane at a point of a 

space curve x
i
 = x

i
(s) is: 

  DeekeâeMe Je›eâ x
i
 = x

i
(s) kesâ Skeâ efyevog hej uecye leue 

meceerkeâjCe nw: 
 (a) p

i
 (X

i
 – x

i
)=0  (b) t

i
(X

i
 – x

i
)=0  

 (c) b
i
(X

i
 – x

i
)=0 

 (d) None of the above/GheÙegòeâ ceW mes keâesF& veneR  
Ans. (b) : Let x

i
 = x

i
 (s) be a point on the curve and X

i 
be the position vector of any point on the plane . Then 
(X

i
–x

i
) lies in the normal plane since (X

i
–x

i
) is 

perpendicular to t
i
; tangent vector, we get t

i 
(X

i
–x

i
) = 0 

as the equation of the normal plane. 

20.  A necessary and sufficient condition that a 
given space curve is a plane curve is that:  

  efoÙes ieÙes Skeâ DeekeâeMe Je›eâ keâes meceleueerÙe Je›eâ nesves kesâ 
efueS DeeJeMÙekeâ Deewj heÙee&hle ØeefleyevOe nw:  

 (a) 0τ =   (b) K=0  
 (c) Kτ =  (d) KK ' '= ττ  
Ans. (a) : Let us take the curve to be a plane curve, 
since the curve lies in a plane, the osculating plane at 
every point of the curve is the plane containing the 
curve itself, so that the binormal b is constant. 

 So 
d d d

0 0. Hence 0
dx ds ds

= ⇒ = τ = =
b b b

at all points of 

the curve. 
Conversely let 0τ = at all points of the curve. 

Now 
d

0
ds

τ = = ⇒
b

b is a constant vector and so for 

any vector R, 

d d d
( . ) . . t. . '

ds ds ds
= + = +

r b
r b b r b r b  

Q t.b. = 0 and b'= 0 we have 
d

( . ) 0
ds

=r b for any point r 

on the curve.  

Hence ⋅r b = constant = c (say). If r = (x(s), z(s)) and b 

= (b1, b2, b3), then ⋅r b = c gives xb1 + yb2 + zb3 = c 

which shows that r(s) = (x(s), y(s), z(s)) lies on the 
plane b1X + b2Y + b3Z = c. 

A necessary and sufficient condition that a given curve 
be a plane curve is that torsion of the curve vanishes i.e. 

0τ = at all points of the curve.  

21.  If τ is torsion of a curve x
i 
= x

i
 (s) in space at a 

point and t
i
, p

i
, b

i
 are fundamental unit vectors, 

then τ  is defined as: 
  Ùeefo DeekeâeMe Je›eâ x

i 
= x

i
(s) kesâ efkeâmeer efyevog hej 

cejesÌ[ τ nw leLee ti
, p

i
, b

i ceewefuekeâ FkeâeF& meefoMe nes, lees 
τ  heefjYeeef<ele nw : 

 (a) 
idt

ds
  (b) 

dp

ds

i

  

 (c) 
db

ds

i

 

 (d) None of the above/GheÙeg&òeâ ceW mes keâesF& veneR 
Ans. (c) : The arc-rate of rotation of the osculating 

plane is expressed by b
i'
=

db

ds

i

whose magnitude is the 

torsion .τ  

So,                      
db

ds
τ =

i

  

22.  The equation of tangent plane at a point 

( )i

0x on the surface iF(x ) = 0, i = 1,2,3, is:  

  melen iF(x ) = 0, i = 1,2,3, kesâ Skeâ efyevog ( )i

0x hej 

mheMe& lekeâ keâe meceerkeâjCe nw: 

 (a) i i i

0
(x – x )t 0=   (b) i i

0
(xi – x )p 0=   

 (c) i i i

0
(x – x )b 0=  (d) i i

0 i

F
(x – x ) 0

x

∂
=

∂
 

Ans. (d) : The equation of the tangent plane to a surface 

F(x
i
) = 0 at a point ( )i

0x , where i = 1, 2, 3 is derived 

from the face that the gradient vector ∇F at ( )i

0x  is 

perpendicular to the tangent plane.  
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The equation of the tangent plane is:  

 ( )i i

0i

F
x x 0

x

∂
− =

∂
, 

Which corresponds to option (d):  

 ( )i i

0 i

F
x x 0

x

∂
− =

∂
 

23.  If k1 and k2 are principal curvatures at a point 
on the surface, the Gaussian curvature K at 
that point is: 

  Ùeefo melen kesâ efkeâmeer efyevog keâer cegKÙe Je Je›eâleeSB k1Deewj 
k2 neW lees melen kesâ Gme efyevog keâer iee@meerÙe Je›eâlee nw:  

 (a) 
1 2

2(k k )+   (b) 1 2

1
(k k )

2
+   

 (c) 2 2

1 2
k k+  (d) k1k2 

Ans. (d) : If k1 and k2 are principal curvature, at a point 
on the surface, the Gaussian curvature K is defined as  

         K=k1k2. 
24.  The principal radii of curvature of the surface: 

  
z z

xcos = ysin
a a

  

  are equal to: 

  melen  

  
z z

xcos = ysin
a a

 

  keâer Je›eâlee keâer cegKÙe ef$epÙeeSB yejeyej nw: 

 (a) 
2 2 2

x y a

a

+ +
±   (b) 

2 2 2
x y – a

a

+
±   

 (c) 
2 2 2

x – y a

a

+
±  

 (d) None of the above/GheÙeg&òeâ ceW mes keâesF& vener 
Ans. (a) : Let us first find the parametric representation 
of the given surface.   

( ) ( )
x y

u(say)
sin z / a cos z / a

= =  

Further ;   ( ) ( ) ( )–1x
tan z / a so that z / a tan x / y

y
= =  

Taking,   ( )–1
v tan x / y weget v z / a z av= = ⇒ =  

Using u and v as parameters, the given surface has the 
representation  

x = u sin v, y = u cos v, z = av 

Hence the position vector, r of a point P on the curve is  

r = (u sin v, u cos v, av) 

∴ r1=(sinv,cosv,0) and r2= (u cos v,– u sin v,a) 

1 2

2 2

1 1 1 1 2 2

Þ r × r = (acosv, –asinv, –u)

Þ E = r r = 1, F = r r = 0,G = r r = u + a
 

2 2 2 2

11 11

Þ H = EG – F = u + a and hence H ¹ 0

Þ r = (0,0,0), r = (cosv, –sinv,0)
 

22 21
r (–u sin v, –u cos v,0), r (cos v, – sin v,0)= = . 

11 1 2

12 1 2

22 1 2

Þ HL = r .(r × r ) = 0

HM = r (r × r ) = a

HN = r (r × r ) = –ausinvcosv + ausinvcosv + 0 = 0

 

Since 
2 2

a
H 0, L 0, N 0, m a / H

u a
≠ = = = =

+
 

The principal curvatures are given by  

( )

2 2 2

2
2 2 2

2
2 2

2 2 2

(EG – F )K – (ENÞFM GL)K LN – M 0

a
(u a )K – 0(onsubstituting values)

u a

a
K

(x y a )

+ + =

⇒ + =
+

⇒ = ±
+ +

⇒ The principal radii are
2 2 2

x y a

a

+ +
±  

25.  Let z=z(x,y) be a solution of 
∂ ∂
∂ ∂
z z

= 1
x y

passing 

through (0,0,0) Then z(0,1) is: 

  ceevee efkeâ z=z(x,y), 
∂ ∂
∂ ∂
z z

= 1
x y

keâe (0,0,0) mes iegpejelee 

ngDee Skeâ nue nw~ lees z(0,1) nw: 
 (a) 0  (b) 1  
 (c) 2 (d) 3 

Ans. (b) : Given 
z z

= 1
x y

∂ ∂
∂ ∂

 

Let the complete solution be  

 z = ax + by + c 

 z z
a & bandsob 1/ a

x y

∂ ∂
⇒ = = =

∂ ∂
 

 z ax y / a c.∴ = + +  

Now z = ax + y/a + c passes through origin hence c=0. 

Thus z = ax + y/a is the required solution.  

z(0,1) 1/ a∴ =  

26.  Let f(x, y) be a homogeneous polynomial of 
degree n. Then: 

∂ ∂
∂ ∂

f f
x + y =

x y
 

  ceevee efkeâ f(x,y) meceIeeleerÙe yengheo nw~ lees: 

∂ ∂
∂ ∂

f f
x + y =

x y
 

 (a) f  (b) 2f  
 (c) nf (d) (n–1)f 
Ans. (c) : If f (x, y) be a homogeneous polynomial of 

degree n. Then  

f f
x y nf

x y

∂ ∂
+ =

∂ ∂
 

Proof We have    nf x g(y / x)=  

( ) ( )n –1 n

2

f –y
n x g y / x x g ' y / x .

x x

∂
∴ = +

∂
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= n x
n–1

g(y/x) –y x
n–2

 g'(y/x) 

& ( ) ( )n n –1f 1
x g ' y / x . x g ' y / x

y x

∂
= =

∂
 

Thus, 

 
nf f y

x y nx g nf .
x y x

∂ ∂  + = = ∂ ∂  
 

27.  Plane curve of fixed perimeter and maximum 

area is:  
  efveOee&efjle heefjefcele Jeeues meceleue Je›eâ keâe #es$eheâue 

DeefOekeâlece nesiee Ùeefo Je›eâ nw: 

 (a) Circle/Je=òe  
 (b) Hyperbola/DeeflehejJeueÙe  
 (c) Rectangular hyperbola /DeeÙeleekeâej DeeflehejJeueÙe 
 (d) Ellipse/oerIe&Je=òe 
Ans. (a) : The perimeter and the area under the curve 

are given by 

Perimeter = Arc length = 
2

1

x
2

x
1 y' dx+∫  

Area under the curve A = ( )
2

1

x

x
y x dx.∫  

Using Lagrange multiplier Technique, define a new 

functional F = 2y 1 y'+ λ + and to optimize 

2

1

x
2

x
y 1 y' dx+ λ +∫  we have 

 
2

F F y '
1,

y y ' 1 y '

∂ ∂ λ
= =

∂ ∂ +
 

Euler's Equation: 

 
2

d y '
1

dx 1 y '

 λ  =
 + 

 

⇒ 
2

y '
x a

1 y '

λ
= +

+
 

⇒ 
2y '

1 y '
x a

λ
= +

+
 

⇒ ( )( )22 2 2y' 1 y ' x aλ = + +  

⇒ ( )( ) ( )2 22 2
y ' x a x aλ − + = +  

⇒ 

( )22

x a
y '

x a

+
=

λ − +
 

⇒ y = – ( )22
x a bλ − − +  

⇒ ( ) ( )2 22y b x a− = λ − +  

⇒ ( ) ( )2 2 2x a y b+ + − = λ  

Which is a circle. 

28.  Minimum distance between the circle x
2 

+ y
2 
= 1 

and the straight line x + y = 4 is: 
  Je=òe x2 

+ y
2 

= 1 leLee mejue jsKee x+y = 4 kesâ yeerÛe keâer 
vÙetvelece otjer nw: 

 (a) 2 2   (b) 
1

2 2
  

 (c) 2 2 1+  (d) 2 2 1−  
Ans. (d) : The minimum distance between the circle x

2 

+ y
2 
= 1 and line x + y = 4 = (distance of origin from the 

line x + y = 4) – (radius of the circle) = 2 2 –1  

29.  The surface of revolution of a curve y = y(x) is  

  ∫
2

1

x
2

y
2π (y 1 + y' )dx  

  is minimum when the curve is 

  Je›eâ keâe ØeefleJele&ve mes Øeehle melen:  

  ∫
2

1

x
2

y
2π (y 1 + y' )dx  

  vÙetvelece nesieer Ùeefo Je›eâ nw: 
 (a) parabola/hejJeueÙe  (b) circle/Je=òe  
 (c) catenary/kewâšsvejer (d) ellipse/oerIe&Je=òe 

Ans. (c) : Here f = y
2

'1 y+ does not contain x 

explicitly thus, the Euler's equation reduces to 

f
f – y ' c(say)

y '

∂
=

∂
 

2 2
y 1 y ' – y ' .y 1 y ' c

y '

∂
+ + =

∂
 

2 2 –1/ 2y
i.e y 1 y ' – y ' (1 y ' ) 2y ' c

2
+ + =  

or    
2

y
c

(1 y ' )
=

+
 

or  2 2 2 2y c c y '= +  

or   

2 2
y – cdy

y '
dx c

= =  

Separating the variables and integrating, we have 

2 2

dy dx
c '

cy – c
= +∫ ∫  

cosh
–1

(y/c) =
x a

c

+
 

i.e.  y = c cos h 
x a

c

+ 
 
 

 

Which is centenary. 

30.  Fredholm integral equation has a solution:  
  Øesâ[nesce meceekeâue meceerkeâjCe keâe nue nw: 

 (a) x(x) eφ =   (b) log x(x) eφ =   

 (c) (x) 1φ =  (d) (x) log xφ =  

Ans. (d): The said Fredholm integral equation is 
missing. 
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31.  Solution of Volterra integral equation 

  ∫
x

0
φ(x) = x – (x – t)φ(t)dt   

  With 
0

φ (x) = 0,  is: 

  Jeesušsje meceekeâue meceerkeâjCe peyeefkeâ keâe nue nw:  

  ∫
x

0
φ(x) = x – (x – t)φ(t)dt  

  peyeefkeâ 
0

φ (x) = 0,  keâe nue nw: 

 (a) (x) cos xφ =   (b) (x) – sin xφ =   

 (c) x(x) eφ =  (d) (x) sin xφ =  

Ans. (d) : Here 

x

0

(x) x (t – x) (t)dtφ = + φ∫      

On comparing with y(x)=f(x)+

x

0

K(x, t) (t)dtλ φ∫  

We have f(x)=x,   1, K(x, t) (t – x)λ = =         

Let Km(x,t) be the m
th

 iterated kernal. Then  

K1(x,t)=K(x,t) = (t – x)                        

and 

x

m m–1

t

K (x, t) K(x,z)K (z, t),m 2,3,= =∫ ... 

m = 2 gives 

x

t

x x

2 1

t t

x2 2

t

K (x, t) K(x,z)K (z, t)dz (z – x)(t – z)dz

z – x) (z – x)
(t – z) – (–1) dz

2 2

= =

 (
=  

 

∫ ∫

∫
 

x
3

x
2

t
t

(z – x)
1/ 2 (z – x) dz 1/ 2

3

 
= =  

 
∫  

3

2

–(t – x)
K (x, t)

3!
=                       

Next m = 3 gives 
x x 3

3 2

t t

(t – z)
K (x, t) K(x,z)K (z, t)dz (z – x) – dz

3!

 
= =  

 
∫ ∫  

x

3

t

x x4 4

tt

1 1
– (z – x)(t – z) dz –

3! 3!

(t – z) (t – z)
(z – x) 1 dz

(–4) (–4)

= =

  
 +    

∫

∫
 

xx 5
4

t t

5

3

1 1 (t – z)
– (t – z) dz –

4.3! 4.3! (–5)

(t – x)
K (x, t)

5!

 
=  

 

∴ =

∫
 

On observing mathematical induction enables us to write 
2m–1

m–1

m

(t – x)
K (x, t) (–1) ;m 1,2,3...

(2m –1)!
= =  

Now, by the definition of resolvent kernal. 

m–1

m m

m 1 m 1

1 2 3

3 5

R(x, t, ) K (x, t) K (x, t)

K (x, t) K (x, t) K (x, t) ...

t – x (t – x) (t – x)
– ...

1! 3! 5!

sin(t – x)

∞ ∞

= =

λ = λ =

= + + +

= + +

=

∑ ∑

 

Finally the required solution is given by  
x x

0 0

x

x

0

0

x

0

y(x) f (x) R(x, t : )f (t)df x t sin(t – x)dz.

x [t(– cos(t – x)] – 1.[– cos(t – x)df

x – x [sin(t – x)]

y(x) sin x

= + λ λ = +

= +

= +

⇒ =

∫ ∫

∫  

32.  Extremal of ∫
1

2

0
[y' +12xy]dx  with y (0) = 0 and 

y(1) = 1, is along the curve: 

  y(0) = 0 Deewj y(1) = 1 ØeefleyevOe kesâ meeLe 

∫
1

2

0
[y' +12xy]dx keâe ‘yee¢elece’ (Extremal) efvecve 

Je›eâ kesâ meeLe-meeLe (along) nw: 
 (a) y = x

4  (b) y = x
3  

 (c) y = x
2 (d) y = x 

Ans. (b) : Here F = y'
2 
+ 12xy  

Euler Lagrange equation: 

 
F d F

0
y dx y '

 ∂ ∂
− = ∂ ∂ 

 

 12x–2y"=0 or y'' = 6x 

⇒ y' = 3x
2 
+ C 

⇒ y = x
3 
+ Cx + C' 

Applying the conditions y (0) = 0 and y(1) = 1, we get 

C = C' = 0 

Thus, y = x
3
 is the required curve 

33.  Volterra integral equation has a solution:  
  Jeesušsje meceekeâue meceerkeâjCe keâe nue nw: 
 (a) 2 –3/ 2(x) (1 x )φ = +   (b) 2 –3/ 2(x) (1 – x )φ =   

 (c) 2 –1/ 2(x) (1 x )φ = +  (d) 2 –1/ 2(x) (1 – x )φ =  
Ans. (): The said Volterra integral equation is missing.  
34.  What are the coordinates of the reflection of 

the point (1, 2, 3) in x, y, z space in a mirror 
along x, z-plane? 

  x,y,z efokeâmLeeve ceW Skeâ efyevog (1,2,3)  keâe x, z-leue ceW 
heÌ[s Skeâ ohe&Ce hej efyecye kesâ efveoxMeebkeâ keäÙee neWies? 

 (a) (–1, –2, –3)  (b) (1, –2, –3)  
 (c) (1, –2, 3) (d) (–1, 2, 3) 
Ans. (c) : Reflection r of (x, y, z) about xz-plane is  

r(x, y, z)=

1 0 0 x

0 –1 0 y

0 0 1 z

   
   
   
      
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∴The point (1, 2, 3) after reflection along xz-plane is 
given by  

1 0 0 1

0 –1 0 2

0 0 1 3

   
   
   
      

=

1

–2

3

 
 
 
  

 

35.  Consider two waves of same angular frequency 

ω, same angular wave number k, same 
amplitude a travelling in the positive direction 
of x-axis with the same speed and with phase 
difference φ . Then the superposition principle 

yields a resultant wave with:  
  Skeâ ner keâesCeerÙe yeejbyeejelee ω, Skeâ ner keâesCeerÙe lejbie 

mebKÙee k, Skeâ ner DeeÙeece a kesâ oes lejbieeW hej efJeÛeej 
keâerefpeS pees Skeâ ner ieefle keâueeblej φ  kesâ meeLe x-De#e kesâ 
Oeve efoMee ceW Øeieeceer nw~ lees DeOÙeejesheCe efveÙece Skeâ 
heefjCeeceer lejbie oslee nw Fvekesâ meeLe: 

 (a) Amplitude 2a and phase φ/DeeÙeece 2a leLee keâuee 
φ 

 (b) Amplitude 2a and phase (φ/2)/DeeÙeece 2a leLee 
keâuee (φ/2) 

 (c) Amplitude 2a cos(φ/2)and phase (φ/2)/DeeÙeece 
2a cos(φ/2) leLee keâuee (φ/2) 

 (d) Amplitude 2a cos (φ/2) and phase φ/DeeÙeece 2a 

cos (φ/2) leLee keâuee φ 
Ans. (c) : Let the two sinusoidal waves with given 

conditions be  

1 2
y a sin t, y a sin( t )= ω = ω + φ  
Principle of superposition dictates that the resultant 

wave will be given by  

y = y1 + y2 = a sin t a sin( t )ω + ω + φ  

a[sin t sin( t )]

a 2sin t cos
2 2

2a cos .sin( t )
2 2

= ω + ω + φ

 φ φ = ω +  
  

φ φ = ω + 
 

 

Hence, the resultant wave is of amplitude 

2acos ( )/ 2φ and phase difference 
2

φ
 

36.  Pick all the correct options in the following 

problem: 

  Consider a particle of mass m in simple 

harmonic oscillation about the origin with 

spring constant k, then for the Lagrangian L 

and Hamiltonian H of the system:  
  efvecveefueefKele mecemÙee ceW melÙe efJekeâuheeW keâe ÛegveeJe keâerefpeS: 
  efveoxMe cetue efyevog kesâ Deejheej keâceeveer efmLejebkeâ k leLee 

õJÙeceeve m Ùegòeâ mejue DeeJele& oesueve keâjles ngS Skeâ 
keâCe hej efJeÛeej keâerefpeS~ lees efvekeâeÙe kesâ uew«eebpeer L leLee 
nwefceušveer H kesâ efueS: 

 (i)
2 21 1

L(x,x) mx – kx
2 2

=& &

2
2p 1

H(x,x) kx ,p
2m 2

= +&  is generalized 

momentum/JÙeehekeâerke=âle mebJesie nw 

 (ii) 2 21 1
L(x,x) mx kx

2 2
= +& & and the generalized 

momentum is p=
.

m x /leLee JÙeehekeâerke=âle mebJesie nw 

 (iii) 
.. 2 21 1

L(x,x) m x – kx
2 2

= and the generalized 

momentum is p =
.

m x /leLee JÙeehekeâerke=âle mebJesie nw 

 (iv) 
. . 2 21 1

L(x,x) m x – kx ,
2 2

=  

 (a) (i), (iii), (iv)  (b) (i), (ii), (iv)  
 (c) (i), (iii) (d) (ii), (iii), (iv) 
Ans. (c) : Lagrangian L T V≡ −  

where T and V are kinetic and potential energies. 

Lagrangian L of the described system of mass m being 
at the end of spring in SHM with spring constant k is 

2 21 1
L mx – kx

2 2
= &  

Hamiltonian H of the described system is  

L
H px – L : p – conjugatemomentum mx

x

∂
= = =

∂
& &

&
 

2 2

2

2

2 2

m k
px – x – x

2 2

p m p k
p – x

m 2 m 2

p kx

2m 2

 =  
 

   = +   
   

= +

& &

  

where we now have H in terms of x and p, with n x' s.&  
H is simply the energy, expressed in terms of x and p. 

37.  The Euler's equation of motion for the perfect 

fluid, with 
→
F as the external force per unit mass 

of the fluid, is: 
  Ùeefo efkeâmeer lejue heoeLe& hej Øeefle FkeâeF& heefjceeCe hej 

ueieves Jeeuee yeeåe yeue 
→
F  nes lees hetCe& lejue heoeLe& keâe 

DeeÙeuej keâe ieefle meceerkeâjCe nw: 

 (a) D q 1
F p

Dt

→
→

= + ∇
ρ

  (b) D q 1
F– p

Dt

→
→

= ∇
ρ

 

 (c) D q
F– p

Dt

→
→

= ρ ∇  (d) D q
F p

Dt

→
→

ρ = + ∇  

Ans. (b) : The Euler's equation of motion of an in viscid 
(perfect)fluid 

D q 1
F– p

Dt

→
→

= ∇
ρ

 

where F
r
 is the external force per unit mass of the fluid, 

p and ρ are the pressure and density respectively. 
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38.  The stream function ψ , for a two-dimensional 

motion, is:  
  efÉDeeÙeeceer ieefle kesâ efueS ØeJeenefoefMe heâueve ψ  nw: 
 (a) zero along a stream line/ØeJeen jsKee keâer efoMee ceW 

MetvÙe  
 (b) variable along a stream line/ØeJeen jsKee keâer efoMee 

ceW Ûej  
 (c) constant along a stream line/ØeJeen jsKee keâer efoMee 

ceW DeÛej 
 (d) None of the above/GheÙeg&òeâ cebs mes keâesF& veneR  
Ans. (c) : For a two dimensional incompressible flow 
parallel to the xy-plane in a rectangular Cartesian 
coordinate system, let u and v denote the velocity 
vectors in the x and y direction respectively.  

Equation of continuity:
u v

0
x y

∂ ∂
+ =

∂ ∂
 

A function (x, y, t)ψ defined such that 

u and v –
y x

∂φ ∂ϕ
= =

∂ ∂
  

which gives that ψ satisfies the equation of continuity 

u v
0

x y

∂ ∂
+ =

∂ ∂
 is known as stream function. 

Since ψis a point function then  

d dx dy –vdx udy
x y

∂ψ ∂ψ
ψ = + = +

∂ ∂
 

Now, the equation of stream line  

u v
or udy vdx 0

dx dy
= − = gives that d 0ψ = on a 

stream line. 

is⇒ ψ constant along a streamline. 

39.  Let G be a multiplicative group of positive real 
numbers and G' be the additive group of real 
numbers. Then the mapping 

     G '→f :G  

  Given by 

     ∀f(x) = log x, x G,∈  

  is: 

  ceeve efueÙee efkeâ Oeveelcekeâ JeemJeeflekeâ mebKÙeeDeeW keâe 
iegCeveerÙe mecetn nw leLee JeemJeeflekeâ mebKÙeeDeeW keâe 
ÙeespeveerÙe mecetn nw~ ØeefleefÛe$eCe  

  G '→f :G  pees efkeâ efoÙee ieÙee nw:  
     ∀f(x) = log x, x G,∈  

  nw: 
 (a) one-one, onto but not homomorphism/Skewâkeâer, 

DeeÛÚeokeâ hejvleg mece™helee veneR  
 (b) one-one, homomorphism but not onto/Skewâkeâer, 

mece™helee hejvleg DeeÛÚeokeâ veneR  
 (c) onto, homomorphism, but not one-

one/DeeÛÚeokeâ, mece™helee hejvleg Skewâkeâer veneR 
 (d) one-one, onto and homomorphism/Skewâkeâer, 

DeeÛÚeokeâ Deewj mece™helee 

Ans. (d) : If f(x1) = f (x2) for some x1, x2 ∈ G then loge x1 = 
logex2, gives that x1 = x2, proving the injectivity of f(x). 

Let y G∈  then for some x ∈ G we have x = e
y
 which 

gives loge(x) = loge(e
y
) = y, proving surjectivity of f. 

Now, we have f(x1 x2) = loge(x1.x2) 
  = loge(x1) + loge(x2) 
  = f(x1) + f(x2) 
Showing that f is homomorphism. 

40.  Which of the following statements is not 
correct?  

  efvecveefueefKele ceW mes keâewve mee keâLeve melÙe veneR nQ? 
 (a) Product of two odd permutations is an odd 

permutation/oes efJe<ece ›eâceÛeÙeeW (permutations) 
keâe Glheeo Skeâ efJe<ece ›eâceÛeÙe nw~  

 (b) Product of an even permutation and an odd 
permutation is an odd permutation/Skeâ mece 
›eâceÛeÙe (permutations) Deewj Skeâ efJe<ece ›eâceÛeÙe keâe 
Glheeo (product) efJe<ece ›eâceÛeÙe nw~  

 (c) Identity permutation is an even 
permutation/lelmecekeâ ›eâceÛeÙe (identity 

permutations) Skeâ mece ›eâceÛeÙe nw~ 
 (d) Every group has at least two normal 

subgroups/ØelÙeskeâ mecetn ceW keâce mes keâce oes ØemeeceevÙe 
Ghemecetn nwb~ 

Ans. (a) :  
a) Product of two even or odd permutations is even 

permutation. 
b) Product of an even permutation and an odd 

permutation is odd permutation 
c) Identity permutation for the finite n-element set 

{ }1, 2,...n given by
1 2 ...n

e
1 2 ...n

 
=  

 
is an even 

permutation because it can be written as product of 
even number of transpositions 

d)  Every group has at least two normal subgroups i.e. 
the trivial subgroups, {0} and group itself.   

41.  For the multiplicative group of residue classes 

{ }1,2,3,4,5,6(mod7) the generating element is: 

  DeJeMes<e JeieeX { }1,2,3,4,5,6(mod7) kesâ iegCeveelcekeâ 

mecetn keâe pevekeâ DeJeÙeJe nw: 
 (a) 2  (b) 3   
 (c) 4  (d) 6  

Ans. (b) :
{ }
{ }

1 1

2 1, 2,4

< > =

< > =
 

{ } 7
3 1,2,3,4,5,6 U< >= = (Multiplicative group 

modulo7) 

4 {1,2,4}& 6 {1,6}< >= < >=  
42.  If p is a prime number and G is a non-Abelian 

group of order p
3, then the number of elements 

in the centre of G is exactly:  
  Ùeefo Skeâ ™Ì{ mebKÙee ns Deewj Skeâ Deve-DeyesueerÙe ›eâce keâe 

mecetn nw, lees kesâ kesâvõ ceW DeJeÙeJeeW keâer ÙeLeeLe& mebKÙee nw: 
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 (a) p – 1  (b) p  
 (c) p + 2 (d) p

2 
Ans. (b) : Let G be a group of order p

3; p-prime 

number.  

Since G is a p-group then its center Z is not the trivial 
group. So the order Z must be p or p

2
 or p

3.  
 If the order of Z is p

3
, then Z = G and which 

gives that G is abelian, and G is not abelian. So order of 

Z 3p .≠  

Suppose order of Z = p
2 then G / Z p;=  a cyclic group 

and that implies G is abelian, and G is not abelian. So 

order of Z 2p .≠ Thus we get z p=   

43.  Which statement is correct? 
  efvecveefueefKele ceW keâewve mee keâLeve melÙe nw? 
 (a) The set of integers I is a subring as well as an 

ideal of the ring of rational numbers 
(Q,+,.)./hetCeeËkeâeW keâe mecegÛÛeÙe I heefjcesÙe mebKÙeeDeeW kesâ JeueÙe 
(Q, +,.) keâe GheJeueÙe leLee iegCepeeJeueer (ideal) nw~  

 (b) The set of integers I is only a subring but not 
ideal of the ring of rational numbers (Q,+,.) 
/hetCeeËkeâeW keâe mecegÛÛeÙe I, heefjcesÙe mebKÙeeDeeW kesâ JeueÙe (Q, 

+,.) keâe cee$e GheJeueÙe nw hejvleg iegCepeeJeueer veneR nw~  
 (c) The set of integers 1 is neither a subring nor an 

ideal of the ring of rational numbers 
(Q,+,.)./hetCeeËkeâeW keâe mecegÛÛeÙe I heefjcesÙe mebKÙeeDeeW kesâ JeueÙe 
(Q, +,.) keâe iegCepeeJeueer nw, hejvleg GheJeueÙe veneR nw~ 

 (d) The set of integers I is an ideal but not a subring 
of the ring of rational numbers (Q,+,.)./hetCeeËkeâeW keâe 
mecegÛÛeÙe, I heefjcesÙe mebKÙeeDeeW kesâ JeueÙe (Q, +,.) keâe 
iegCepeeJeueer nw, hejvleg GheJeueÙe veneR nw~ 

Ans. (b) : The set of integer I is a subring of ring of 
rational numbers (Q,+,.) under the usual addition and 
multiplication of rational numbers. 

Now let 
1 1

3 Iand (Q, ,.) then3. I
2 2

∈ ∈ + ∉ and hence I is 

not an ideal of (Q,+,.). 
44.  An ideal S of a commutative ring R with unity 

is maximal if and only if the residue class ring 
RS is:  

  FkeâeF& jKeves Jeeues ›eâceefJeefvecesÙe JeueÙe R keâe Skeâ 
iegCepeeJeueer S DeefOekeâlece (maximal) nw Ùeefo Deewj 
kesâJeue Ùeefo DeJeMes<e Jeie& JeueÙe RS nw: 

 (a) a commutative ring/›eâceefJeefvecesÙe JeueÙe 
 (b) a commutative ring with unity/FkeâeF& jKeves Jeeuee 

›eâceefJeefvecesÙe JeueÙe  
 (c) an integral domain with unity/FkeâeF& jKeves Jeeuee 

Skeâ hetCe&keâerÙe Øeevle (domain) 

 (d) a field/Skeâ #es$e 
Ans. (d) : Proposition- An ideal S of a commutative ring 
R with identity is maximal if and only if R/S is a field.  

PROOF- Since every ideal of R/S is of the form B/S, 

where B is an ideal containing S, it follows that S is a 

maximal ideal if and only if R/S is without proper 

ideals, and a commutative ring with identity is a field if 

and only if it is without proper ideals. 

45.  Which statement is false? 
  keâewve mee keâLeve DemelÙe nw? 
 (a) The set R [x] of all polynomials over a ring R 

is a ring./efkeâmeer JeueÙe R hej meYeer yengheoeW keâe 
mecegÛÛeÙe R [x]  Skeâ JeueÙe nw~  

 (b) The set D [x] of all polynomials over an 

integral domain D is an integral domain./efkeâmeer 
hetCeeËkeâerÙe Øeehle D hej meYeer yengheoeW keâe mecegÛÛeÙe D [x]  
Skeâ hetCee&keâerÙe Øeevle nw~  

 (c) The set F [x] of all polynomials over a field F 

is a field./efkeâmeer #es$e F hej meYeer yengheoeW keâe mecegÛÛeÙe 
F [x] Skeâ #es$e nw~ 

 (d) If D is an integral domain with unity, then 
any unit in D [x] must already be a unit in 

D./Ùeefo D Skeâ FkeâeF& jKeves Jeeuee hetCeeËkeâerÙe Øeevle nes, 
lees D [x] ceW keâesF& FkeâeF& D ceW Yeer hetJe& mes ner FkeâeF& 
nesvee ÛeeefnS~ 

Ans. (c) : Definition - A polynomial with coefficients 
in a ring R is a (finite) linear combination of powers of 
the variable  

n n–1

n n–1 1 0
f (x) a x a x ..... a x a= + + + +  

The set of polynomials with coefficients in a ring R will 
be denoted by R[x].  

If m m–1

m m–1 1 0
g(x) b x b x .... b x b= + + + +  

is another polynomial with coefficient in R, then f(x) 
and g(x) are equal if ai = bi for i=0,1,2,..... 

Now 

0 0 1 1f (x) g(x) (a b ) (a b )x .....+ = + + + + +  
K

k k i i

K

(a b )x ;a b= + +∑ is addition in R 

0 1 0 1
and f (x)g(x) (a a x ....)(b b x ....)= + + + +  

i j

i j i i

i, j

a b x ;a b
+= ∑ is product in R. 

There is a unique commutative ring structure on the set 
of polynomials R [x] with respect to the binary 
operations defined above. The ring R becomes a 
subbing of R[x] when the elements of R are identified 
with the constant polynomial.  

Proposition- If D is an integral domain then D[x] is an 

integral domain. 

Proof- We know that D[x] is a ring and so clearly D(x) 

is commutative whenever D is commutative. If 1 is the 

unity element of D, f(x)=1is the unity element of D[x]. 

now suppose that  
n n–1

n n–1 1 0
f (x) a x a x ..... a x a= + + + +  

and m m–1

m m–1 1 o
g(x) b x b x .... b x b= + + + +  

where an 0≠  and bm 0≠ .Then by definition f(x)g(x) has 

leading coefficient anbm and since, D is an integral 

domain, 
n m

a b 0≠   

Proposition- If D be an integral domain with unity. 
Then units of D[x] are those of D.  

Proof- Since D is a subring of D[x] and the unity of D 
is that of D[x], units of D are also units of D[x]. Let f(x) 
be a unit of D[x]. Then there exists g(x) D[x]∈ such that 
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f(x).g(x)=1. Comparing the degrees of both the sides, 
we have that deg(f(x)) =0=deg(g(x)). Hence f(x) and 
g(x) both belong to D. This shows that units of D[x] are 
also units of D.  

Proposition- F[x]; the set of polynomials over a field F 
can never be a field  

Proof- x 0,≠  and it cannot be a unit of F[x]. 

46.  The degree of the field: 

  ( ) { }
def

Q 2, 3 = a + b 2 + c 3 + d 2 3 : a,b,c,d Q∈  

  over Q is: 

  Q hej #es$e:  

     ( ) { }
def

Q 2, 3 = a + b 2 + c 3 + d 2 3 : a,b,c,d Q∈  

  keâer keâesefš nw: 
 (a) 1 (b) 2  

 (c) 3 (d) 4 

Ans. (d) : Consider the field ( )Q 2, 3 generated over 

Q by 2 and 3 . Since 3 is of degree 2 over Q, the 

degree of the extension Q ( ) ( )2, 3 / Q 2 is at most 2 

and is precisely 2 if and only if x
2
–3 is irreducible over 

( )Q 2 . Since this polynomial is of degree 2, it is 

reducible only if it has a root; i.e. if and only if 

3 ( )Q 2∈ . 

 Suppose 3 a b 2= + with a, b Q∈ .Squaring 

this we obtain 2 23 a 2b 2ab 2= + + . If ab 0≠ , then 

we can solve this equation for 2 in terms of a and b 

which implies that 2 is rational, and 2 is not 

rational. If b = 0, then we would have that 3 = a is 

rational and 3 is not rational. Finally if a = 0 we have 

3 b 2= and multiplying both sides by 2 we see that 

6 would be rational and 6 is not rational. These 

shows ( ) ( )3 Q 2 ,proving [Q 2, 3 : Q] 4∉ =  

47.  Let f(x)=0 be an equation. The sufficient 
condition for the convergence of Newton 
Raphson's iteration method for finding a real 
root of the above equation is:  

  ceeve efueÙee efkeâ f(x) = 0 Skeâ meceerkeâjCe nw~ GheÙeg&òeâ 
meceerkeâjCe kesâ Skeâ JeemleefJekeâ nue Øeehle keâjves keâer 
vÙetšve-jwheâmej keâer ognjeJe efJeefOe kesâ mebme=le 
(convergent) nesves keâe heÙee&hle ØeefleyevOe nw: 

 (a) 2
f (x)f ''(x) [f '(x)]= (b)

2
f (x)f ''(x) [f '(x)]<   

 (c) 2
f (x)f ''(x) [f '(x)]> (d) [ ]f (x)f ''(x) f '(x)=  

Ans. (b) : Newton-Raphson formula  

n

n 1 n

n

f (x )
x x –

f '(x )
+ =           ...(i) 

On comparing with (i) with  

n 1
x (x) : iterative method+ = φ  

we have     
f (x)

(x) x –
f '(x)

φ =  

φ(x) = 1 – 
[ ]

[ ]2

f '(x)f '(x) f (x)f ''(x)

f '(x)

−
  

Which gives   
2

f (x)f ''(x)
'(x)

[f '(x)]
φ =  

Which converges if  

2

'(x) 1

f (x).f ''(x) [f '(x)]

φ <

⇒ <
 

for newton-Raphson formula 

48.  Given the initial value problem 

dx
y' = = f(x,y),

dy
 where 

0 0
y(x ) = y .In Runge-

Kutta method: 
  efoÙes ieÙes ØeejefcYekeâ ceeve mecemÙee 

dx
y' = = f(x,y),

dy
peneB 

0 0
y(x ) = y nw~ ™bies-keâš=e efJeefOe 

ceW: 
 (a) k1 = hf(xn)  (b) k1 = hf(xn,yn)  
 (c) k1 = f(yn) (d) k1 = f1(xn)–h 
Ans. (b) : The Runge-Kutta method computes 
approximate values y1, y2, ..... yn of the solution of an 
initial value problem 

y' = 
dy

dx
= f(x, y) , y(x0) = y0 

The correct expression for k1 in the Runge-kutta method 
depends on the specific from f(x, y) generally in the 
first stage of the method  

 k1 = h f(xn, yn)  

Where h is size  

 xn is the current value of x, yn is the current 
value of y  

Therefore correct option is b.       
49.  Let V be a vector space over F of dimension n. 

Then which of the following statements is not 
true? 

  ceeve ueerefpeS V Skeâ efJeceerÙe meefoMe meceef° F hej nw~ 
efvecveefueefKele ceW mes keâewve mee keâLeve melÙe veneR nQ? 

 (a) Any set of n vectors is a basis./ n meefoMe keâe 
keâesF& Yeer mecegÛÛeÙe Skeâ DeeOeej nw~  

 (b) A set of n + 1 vectors is linearly dependent./ n 

+ 1 meefoMe keâe mecegÛÛeÙe jwefKekeâ efveYe&j nw~  
 (c) A set of n vectors which spans V is a basis./ n 

meefoMe keâe mecegÛÛeÙe pees efkeâ V keâe efJemleej keâjlee nw, 
Skeâ DeeOeej nw~ 

 (d) A set of n linearly independent vectors is a 

basis/n jwefKekeâ mJeleb$e meefoMe keâe mecegÛÛeÙe Skeâ DeeOeej 
nw~ 

Ans. (a) : Let V be a vector space of dimension n over 
the field F. The dimension n implies that any basis of V 
consists of exactly n linearly independent vectors. 

Now, let's analyze each statement:  
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(a) Any set of n vectors is a basis  
This is not true. A set of n vectors in V is a basis if and 
only if the vectors are both linearly independent and 
span V. Merely having n vectors does not guarantee 
these properties. For example, a set of n vectors that are 
linearly dependent will not from a basis. 

(b) A set of n + 1 vectors is linearly dependent  
This is true. In a vector space of dimension n, any set 
containing more than n vectors is necessarily linearly 
dependent, as it exceeds the maximum number of 
linearly independent vectors.      

(c) A set of n vectors which spans V is a basis 
This is true. If a set of n vectors spans V, it must be 
linearly independent, as the dimension of V is n, Hence, 
it satisfies the definition of a basis.  
(d) A set of n linearly independent vectors is a basis  

This is true. If a set of n vectors is linearly independent 
in V, it must also span V, as the dimension of V is n. 
Therefore, it is a basis.    

50.  Let V be a finite dimensional real vector space 
and f and g be non-zero linear transformation 
of V to � (The set of real numbers). Assume 
that ker (f) ⊂ ker (g).Which of the following 
statements are true? 

  ceeve ueerefpeS V Skeâ heefjefcele efJeceerÙe JeemleefJekeâ meefoMe 
meceef° nw Deewj f Deewj g, V mes �  (JeemleefJekeâ mebKÙeeDeeW 
keâe mecegÛÛeÙe) lekeâ MetvÙeslej jwefKekeâ ™heevlejCe nw~ ceevee 
efkeâ ker (f) ⊂ ker (g)~ efvecveefueefKele ceW mes keâewve mee 
keâLeve melÙe nw? 

 (i) ker(f) = ker(g)  
 (ii) f g= λ for some real number 

0λ ≠ / f g= λ kegâÚ JeemleefJekeâ mebKÙee 0λ ≠ kesâ efueS  

 (iii) The linear map A:V 2R→ defined by 

Ax=(f(x),g(x)), is onto/jwefKekeâ ØeefleefÛe$eCe A:V 
2R→ pees efkeâ Ax=(f(x),g(x)) mes heefjYeeef<ele nw, Skeâ 

DeeÛÚeokeâ nw~ 
 (a) (i), (ii)  (b) (ii), (iii)  
 (c) (i), (iii) (d) (iii) 
Ans. (a) : If f ,g : V IR→ are non-zero linear functional, 

then there exists v0∈V such that f(v0) ≠ 0. As    

f(f(v0)v- f(v)v0) = f(v0)f(v) – f(v)f(v0) = 0 ; ∀v ∈ V 

∴We conclude that  

g(f(v0)v- f(v)v0) = f(v0)g(v) – f(v)g(v0) = 0 ; ∀v ∈ V 

By hypothesis ker (f) ⊂ ker (g) 

Then;      o

o

g(v )
g(v) f (v) ; v V

f (v )
= ∀ ∈  

o

o

f (v )
f g(v)

g(v )
∴ − , proving that f = g ;for some 0λ λ ≠  

Thus, we conclude that  
ker (f) = ker (g) 

as well by above. 

51.  Let V be a finite dimensional real vector space 
and let A:V V→ be a linear map such that 

A
2
=A. Assume that A ≠ 0 and that A ≠ I, which 

of the following statements are true? 

  ceeve ueerefpeS V Skeâ heefjefcele efJeceerÙe JeemleefJekeâ meefoMe 
meceef° nw Deewj ceeve ueerefpeS A:V V→  pees efkeâ A

2 
= A 

Skeâ jwefKekeâ ØeefleefÛe$eCe nw~ ceeve ueerefpeS A ≠ 0 Deewj A 
≠ I, efvecveefueefKele ceW mes keâewve-keâewve mes keâLeve melÙe nw? 

 (i) Ker (A)≠{0}  
 (ii) V = Ker (A) ⊕ Range {A}  
 (iii) The map I+A is invertible./ØeefleefÛe$eCe I+A 

JÙegl›eâceCeerÙe nw~ 
 (a) (i),(ii)  (b) (ii)  
 (c) (i),(iii) (d) (i),(ii),(iii) 
Ans. (d) : Let v∈V such that A(v) ≠ v (because 

A 0and A I)≠ ≠ for some v ≠ 0 ∈ V. 

 Then A(I–A)(v) = 0  

Which gives (I–A)v ≠ 0 ∈ ker (A)  

Thus ker (A) {0}.≠  

Now, V=Av+ (I–A)v   : v V (Avis Range(A))∨ ∈  

 V ker(A) Range(A)⇒ = ⊕  

Suppose (I+A)v=0 
2

Av –v A v –Av Av

– Av Av 0 v 0

⇒ = ⇒ = ⇒ =

⇒ = ⇒ =
 

Thus, (I+A) is invertible because ker (I+A) is trivial.  

52.  Let �
2x ∈ be a non-zero column vector and A 

= xx
T
. Then what is the rank of A? 

  ceeve ueerefpeS �
2x ∈ MetvÙesòej keâe@uece meefoMe nw Deewj A 

= xx
T, lees keâer keâesefš (rank) keäÙee nw? 

 (a) 2 (b) 1  
 (c) n (d) 0 
Ans. (b) : Let  

T

1 1T

1 2

2 2

x x
x then x [x x ]

x x

   
= = =   

   
 

2
1T 1 1 2

1 2 2
2 1 2 2

x x x x
xx [x x ]

x x x x

  
∴ = =   

   
 

1 2 2

2 2 1

1

x x x
R R – R

0 0 x

  
= →  

   
  

∴Rank of A = (xx
T
) is 1. 

53.  Let A and B be square matrices with complex 
entries. Which of the following conditions 
assure the similarity of A and B? 

  ceeve ueerefpeS A Deewj B Jeie& DeeJÙetn nQ, efpemekeâer 
ØeefJeef°ÙeeB meefcceße mebKÙeeSB nw~ efvecveefueefKele ceW mes keâewve 
meer DeJemLee A Deewj B keâer meceevelee megefveef§ele keâjleer nw? 

 (i) A and B have the same Eigen values/ A Deewj 
B keâe meceeve eigen cetuÙe nes  

 (ii) A and B are diagonalizable/ A Deewj B efJekeâCeeaÙe 
neW  

 (iii) A and B have the same Jordan form/ A Deewj B 
keâe meceeve Jordan Øee™he nes 

 (iv) A and B represent a linear transformation of a 
vector space with respect to different bases./A 
Deewj B Deueie-Deueie DeeOeej kesâ meefoMe meceef° keâe 
jwefKekeâ ØeefleefÛe$eCe efve™efhele keâjles nw~ 
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 (a) (i)  (b) (ii)  
 (c) (iii) and (iv) (d) (i) and (ii) 
Ans. (c) : To determine which conditions assure that A 
and B are similar, let's analyze the options:  

1. Condition (i): A and B have the same eigenvalues. 
Similar matrices always have the same eigenvalues, but 
the converse is not necessarily true. For instance, two 
matrices with the same eigenvalues might not be similar 
if their Jordan forms differ.  

This condition alone does not assure similarity.  
2. Condition (ii): A and B are diagonalizable.  

Both being diagonalizable doesn't imply similarity 
unless they are diagonalizable to the some diagonal 
form. Hence, this condition alone is insufficient.  

3. Condition (iii): A and B have the same Jordan form.  
If two matrices have the same Jordan form, they are 
necessarily similar. This condition assures similarity.  
4. Condition (iv): A and B represent the same linear 
transformation with respect to different base.  

If two matrices represent the same linear transformation 
in different bases, they are similar by definition.       

54.  Let A be a 4 × 4 invertible martix with real 
entries. Which of the following statements is 
not necesarily true?  

  ceeve ueerefpeS A Skeâ 4 × 4 JÙegl›eâceCeerÙe DeeJÙetn nw 
efpemekeâer ØeefJeef°ÙeeB JeemleefJekeâ mebKÙeeSB nQ~ efvecveefueefKele 
ceW mes keâewve mee keâLeve melÙe nesvee DeeJeMÙekeâ veneR nw? 

 (i) The rows of A form a basis of R
4
/ A keâer heefòeâÙeeB 

R
4keâer DeeOeej yeveeleer nQ  

 (ii) Null space of A contains only the zero 
vector/A keâer MetvÙe meceef° cesW kesâJeue MetvÙe meefoMe 
Meeefceue nesles nQ~   

 (iii) A has 4 distinct eigen values/A kesâ 4 efYeVe 
eigen cetuÙe nQ 

 (a) (i)  (b) (ii)  
 (c) (iii) (d) (i) and (ii) 
Ans. (c) : Consider the identity matrix  

 I=

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1 4 4

 
 
 
 
 
  ×

 

 Now I is invertible then null space of I contains only 

zero vector thus rank of I is 4 which implies that the 

rows of I forms a basis for R
4
. 

 But I does not possess distinct Eigen values because 

characteristic polynomial of I is given by  

 (1 – λ)
4
 which has λ = 1  as its repeated root .  

55.  Let An be the matrix whose (i, j)
th

 entry is given 

by 
i i+1,j i,j+1

2δ , j – δ – δ . Then det An=: 

 (a) n  (b) n+1  
 (c) n–1 (d) n+2 
Ans. (b) : We are given the matrix An whose (i, j)

th 

entry is defined as  

ij ij i i,  j i,  j+1
a 2 += δ − δ − δ  

where δij is the kronecker delta function  

(δij = 1 if i = j and δij = 0 if i j≠ ) 
this definition implies that An is a tridiagonal matrix 
with following entries 
Then, 

2 1 0 0

1 2 1 0

0 1 2 0
An

1

0 0 0 2

− − − 
 − − − − 
 − − −

=  
− − − − − − 

 − − − − − −
 

− −  

] 

Dn = 2Dn–1
 
– Dn–2 

Where, 

 Dn = det (An) 

 1 1

2 1
D 2,  D det 3

1 2

− 
= = = − 

 

 D3 = 4, D4 = 5, D5 = 6 
 As so on 

For this seem that Dn = n + 1 

56.  Let V be a finite dimensional linear product 

space with inner product , . For a subset 

⊥ ∀S of V,letS = {v v,w = 0 w S}.≠ ϕ ∈ If 0 

0 S∉ which of the following is true? 

  ceeve ueerefpeS V Deblej iegCeve ,  kesâ meeLe Skeâ heefjefcele 
efJeceerÙe Deblej iegCeve meceef° nw~ V kesâ GhemecegÛÛeÙe 
S ≠ ϕ kesâ efueS ceeve ueerefpeS efkeâ 

⊥ ∀S = {v v,w = 0 w S}∈ ~Ùeefo 0 S∉  lees 
efvecveefueefKele ceW mes keâewve mee keâLeve melÙe nw? 

 (a) S S⊥=   (b) S S⊥⊥⊂   
 (c) S V⊥ =  (d) S (0)⊥⊥ =  

Ans. (b) : If  w S∈  and v S⊥∈ , we have <v, w>=0, and 
<w, v>=0; since v is arbitrary <w, v>=0 for all 

v S⊥∈ which implies that w S and 0 S⊥⊥ ⊥⊥∈ ∈ but 0 ∉ S 

∴ S⊂ S⊥⊥  
57.  The matrix of the linear transformation 

→� �
2 2T : defined by T(x,y) = (x – 2y,y) with 

respect to the standard basis {(1,0),(0,1)} is:  
  ceevekeâ DeeOeej {(1,0),(0,1)} kesâ meehes#e ceW jwefKekeâ 

™heeblejCe →� �
2 2T :  pees efkeâ T(x,y) = (x – 2y,y)  

Éeje heefjYeeef<ele nw, keâe DeeJÙetn nw: 

 (a) 
1 0

1 –3

 
 
 

  (b) 
1 –3

1 0

 
 
 

  

 (c) 
1 –3

1 1

 
 
 

 (d) 
1 –2

0 1

 
 
 

 

Ans. (d) : Here T(1,0) = (1,0) = 1(1,0) + 0(0,1) 
            T(0,1) = (–2,1) = –2(1,0) + 1(0,1) 

 ∴The matrix = 
1 –2

0 1

 
 
 
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58.  What is the nullity of the matrix 
 
 
 

n

m

A C
,

0 B
if 

An and Bm are invertible matrices of order n 
and m respectively? 

  DeeJÙetn 
 
 
 

n

m

A C
,

0 B
 keâer MetvÙelee keäÙee nw Ùeefo An Deewj 

Bm ›eâceMe: n Deewj m keâesefš kesâ JÙegl›eâceCeerÙe DeeJÙetn 
nQ? 

 (a) 0  (b) n  
 (c) m (d) n + m 
Ans. (a) : A matrix A of order m × n with rank r can be 

placed in the form r r n–r

m–r r m r n r

I O

O O

×

× − × −

 
 
 

 

Using elementary row and column matrices; where Ir is 
the r × r identity matrix and Om×n is the m×n zero 
matrix. 

An invertible matrix has a full rank and nullity is 0. 

 So, the matrix 
n

m

A C

0 B

 
 
 

has rank n + m and  

 Nullity 
n

m

A C
0

0 B

  
=  

  
  

59.  Let f:[0,1] → R be a function defined by f(x) = 

10, x ∈[0,1], then the Lebesgue integral 

∫ Q [0,1]fdλ,∩ where Q is the set of rational 

numbers, is given as: 
  ceeve efueÙee efkeâ f:[0,1] → R, Skeâ heâueve Fme Øekeâej 

heefjYeeef<ele nw efkeâ f(x) = 10, x ∈[0,1], Ùeefo heefjcesÙe Q 
mebKÙeeDeeW keâe mecegÛÛÙe nw, lees ueyesie meceekeâuekeâ 

∫ Q [0,1]fdλ,∩ nw: 

 (a) ∞   (b) 1  
 (c) 10 (d) 0 
Ans. (d) : Because  Q∩[0,1] is a set of measure zero we 

must have ( )
Q [0,1]

fd : 10 Q [0,1] 0
∩

λ = × λ ∩ =∫  

60.  Let α be a bounded function on [a,b], then true 

statement is:/ceeve efueÙee efkeâ α hej Skeâ yeefvOele 
heâueve nw lees melÙe keâLeve nw: 

 (a) α is always a function of bounded variation/α 
meJe&oe Skeâ yeefvOele efJeefYeVelee Jeeuee heâueve nw~  

 (b) α is always a continuous function/α meJe&oe Skeâ 
meleled heâueve nw~  

 (c) α is always a constant function/α meJe&oe Skeâ 
DeÛej heâueve nw~ 

 (d) sup { }(x) : x [a,b]α ∈ always exists/ 

  sup { }(x) : x [a,b]α ∈ meJe&oe cetle&ceeve neslee nw~ 

Ans. (d) :If α is a bounded function on [a,b] then 
Axiom of Completeness dictates that  

sup{ (x) : x [a,b]}α ∈  

always exists.  

61.  Let λ be the Lebesgue measure on R and Q be 
the set of all rational numbers. Which of the 
following is true?  

  ceeve efueÙee efkeâ λ, R hej ueyesie ceehekeâ nw leLee Q meYeer 
heefjcesÙe mebKÙeeDeeW keâe mecegÛÛeÙe nw~ efvecveefueefKele ceW mes 
keâewve mee keâLeve melÙe  nw? 

 (a) (Q)λ = ∞   (b) (Q) 1λ =   
 (c) (Q) 0λ =  (d) (Q) 2λ =  
Ans. (c) :The set {x} is measurable and for any 

0,{x} x – ,x
2 2

ε ε ε > ⊂ + 
 

.  

Therefore  

( )0 {x}

x – ,x
2 2

x – x –
2 2

≤ λ

 ε ε  ≤ λ +  
  

ε ε = +  
 

= ε

 

So ( )0 {x} .≤ λ ≤ ε  

Since 0ε > was arbitrary we conclude that λ({x})=0 
Now because the set of rational numbers are countable, 

write Q=
i

i 1
{q },so

∞

=
∪  ( )i

i 1 i 1

(Q) {q } 0 0
∞ ∞

= =

λ = λ = =∑ ∑  

Thus, Lebesgue measure of the rational numbers Q is 
zero. 

62.  If S denotes the set of irrational numbers in 
[0,1] and λ is Lebesgue measure on R, then λ(S) 
is equal to: 

  Ùeefo S,[0,1]  ceW efmLele meYeer DeheefjcesÙe mebKÙeeDeeW keâe 
mecegÛÛeÙe nw Deewj λ,R hej ueyesie ceehekeâ nw, lees λ(S) 

yejeyej nw: 
 (a) 1  (b) 0  

 (c) ∞  (d) 
1

2
 

Ans. (a) : Since the set [0,1] is the disjoint union of 
rationales and irrationals in [0,1] and Lebesgue measure 
of Q ≡ set of rational numbers is 0. 

λ ([0, 1]\Q) = 1 – 0 = 1 (because λ ([0, 1]) = 1) 

Thus, Lebesgue measure of set of irrational S in [0,1) is 1. 

63.  Let f:[0,1] → R, be a function defined by 

   f(x)= 1if x is a rational number in [0,1]  

       = 0 if x irrational number in [0,1]  

  then, the function f is:  
  ceeve efueÙee efkeâ f:[0,1] → R, Fme Øekeâej heefjYeeef<ele nw 

efkeâ f(x)= 1, Ùeefo x,[0,1] ceW efmLele heefjcesÙe mebKÙee nw  
    = 0 Ùeefo x,[0,1] ceW efmLeefle DeheefjcesÙe mebKÙee nw   
  lees heâueve f nw: 
 (a) Continuous/meleled  
 (b) Riemann Integrable/jerceeve meceekeâueveerÙe  
 (c) Lebesgue Integrable/ueyesie meceekeâueveerÙe 
 (d) Non-measurable/DeceeheveerÙe 
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Ans. (c): Clearly f(x) is not continuous because both  Q 
and I (the set of irrationals) are dense in the real line, it 
follows that for any z ∈ R we can find sequences (xn) ⊆ 

Q and (yn) ⊆ I such that   

lim xn = lim yn = z  & lim g(xn) ≠ lim g (yn). 

Now if P is some partition of [0, 1], then the density of 
the rationales in R implies that every subinterval of P 
will contain a point where f(x) = 1. It follows that U (f, 
P) = 1. On the other hand, L (f, P) = 0 because the 
irrationals are also dense in R. Because this it the case 
for every partition P, we see that the upper integral U (f) 
= 1 and the lower integral L (f) = 0. The two are not 
equal, so we conclude that function is not Riemann 
integrable. 

We have Lebesgue measure  

λ = (Q ∩ [0, 1]) = 0 and λ([0, 1]\Q) = 1 

Now,  Lebesgue integral is given by  

[0,1) fd 1. ({Q [0,1]} 0. ([0,1] \ Q)λ = λ ∩ + λ∫  

= 1.0+0.1 

= 0 

(Because λ ({Q [0,1]}) 0∩ =  

                λ ({[0,1] / Q}) 1)=   
64.  If h is the interval of differencing then which of 

the following is true for the shift sperator E?  
  Ùeefo h YesoerkeâjCe (differencing) keâe Devlejeue nes, lees 

mLeeve-heefjJele&ve (shift) mebkeâejkeâ E kesâ efueS 
efvecveefueefKele ceW keâewve mee melÙe nw? 

 (a) E
n
f(x)=f(x+n)  (b) E

n
f(x)=f(x

n
)  

 (c) E
n
f(x)=f(x+nh) (d) E

n
f(x)=f(x–nh) 

Ans. (c) : The shift operator for a function f(x) is 
defined by  

Ef(x) = f (x + h) 

where h is the interval of differencing.  

Then we have     E
n
 f(x) = f(x + nh) 

65.  The velocity components (u,v) in a two-
dimensional fluid flow, in terms of stream 

function ψ , is given by: 
  ØeJeen efoMee heâueve ψ kesâ heoeW ceW efÉDeeÙeeceer lejue ØeJeen 

ceW Jesie Ieškeâ (u,v) nQ: 

 (a) u – , –
x y

∂ψ ∂ψ
= ν =

∂ ∂
  

 (b) u , –
x y

∂ψ ∂ψ
= ν =

∂ ∂
  

 (c) u – , –
y x

∂ψ ∂ψ
= ν =

∂ ∂
 

 (d) u – ,
y x

∂ψ ∂ψ
= ν =

∂ ∂
 

Ans. (d) : For a two dimensional incompressible flow 
parallel to the xy-plane in a rectangular Cartesian 
coordinate system, let u and v denote the velocity 
vectors in the x and y direction respectively.  

Equation of continuity :
u v

0
x y

∂ ∂
+ =

∂ ∂
 or 

v (–u)

y x

∂ ∂
=

∂ ∂
 

Equation of lines of flow or streamline is  
dx dy

or vdx – udy 0
v v

= =       

Which shows that equation of streamline must be an 
exact differential, d (say).Then,wehaveψ  

vdx – udy dx dy
x y

 ∂ψ ∂ψ = +   ∂ ∂   
  

so                         u – and v
y x

∂ψ ∂ψ
= =

∂ ∂
 

ψ us stream function  

66.  Which of the following statements is true in 
case of linear programming?  

  efvecveefueefKele ceW mes keâewve-mee keâLeve jwefKekeâ Øees«eeceve kesâ 
ceeceues ces bmelÙe nw? 

 (a) An optimal solution exists at extreme points of a 
set of feasible solutions./mecYeeJÙe nue kesâ mecetn kesâ 
Ûejce efyevog hej Skeâ Devegketâuelece nue ceewpeto neslee nw~  

 (b) An optimal solution gives a hyperplane which is 
a supporting hyperplane to the set of feasible 
solutions./Devegketâuelece nue keâe neFhejhuesve mecYeeJÙe nue 
kesâ mecegÛÛeÙe keâe meheesefšËie neFhejhuesve neslee nw~  

 (c) Extreme points and basic feasible solutions 
are in one-one correspondence./Ûejce efyevog Je 
cetueYetle mecYeeJÙe nue Skewâkeâer nesles nQb~  

 (d) A set of feasible solutions is not necessarily a 
convex set./mecYeeJÙe nue kesâ mecegÛÛeÙe keâe Gòej 
mecegÛÛeÙe nesvee DeeJeMÙekeâ veneR nQ~ 

Ans. (a) : Let R be the feasible region for a Linear 
programming problem then an optimal solution exists at 
extreme points/corner points of the set of feasible 
solutions  
67.  Consider the following linear programming 

problem: 
  Maximize: 
    

1 2
z = 3x – 2x  

  Subject to: 

    

0

≥

≥

1 2

1 2

1 2

x + x 1

2x + 2x 4

x ,x

≤

 

  Which one of the following statements is true? 
  efvecveefueefKele jwefKekeâ Øe›eâceve mecemÙee hej efJeÛeej 

keâerefpeS: 
  DeefOekeâlece:  
    

1 2
z = 3x – 2x  

  kesâ DeOeerve: 

     

0

≥

≥

1 2

1 2

1 2

x + x 1

2x + 2x 4

x ,x

≤

 

  efvecveefueefKele ceW mes keâewve mee keâLeve melÙe nw? 
 (a) (0,0) is an optimal solution/(0,0) Skeâ Devegketâuelece 

meceeOeeve nw~  
 (b) (1,0) is an optimal solution/(1,0) Skeâ Devegketâuelece 

meceeOeeve nw~  
 (c) Solutions are unbounded/meceeOeeve Demeerefcele nw~ 
 (d) The constraints are inconsistent/ØeefleyevOe 

(constraints) Demebiele nw~ 
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Ans. (d) : Because given constraints are inconsistent as 
given by  

1 1 2
x x 1and x x 2+ ≤ + ≥  

maximize 

 Z = 3x1 – 2x2 

Subject to, 

 x1 + x2 < 1 ..............(1) 

 2x1 + 2x2 > 4 ..........(II) 

 x1, x2 > 0 

equation (I) 

 1

2

x 0 1

x 1 0
 

equation (II) 

1

2

x 0 2

x 2 0
 

 
The problem is not well-defined.   
68.  The dual of the following linear programming 

problem: 

  Maximize: 

     

≥

t
Z = C X

AX = b

X 0

 

   is : 
  efvecveefueefKele jwefKekeâ Øe›eâceve mecemÙee:  
  DeefOekeâlece: 

    
≥

t
Z = C X

AX = b

X 0

 

  keâe Éwle nw: 
(a) Max Z = b

t
 X,AX=C,X≥0/ 

 DeefOekeâlece Z = b
t
 X,AX=C,X≥0 

 (b) Max Z= b
t
Y,A

t
X≥C

t
,Y free/DeefOekeâlece Z= b

t
 

Y,A
t
X≥C

t
,Y free 

 (c) Min Z= b
t
Y,A

t
Y≥C

t
,Y free /DeefOekeâlece= b

t
 

Y,A
t
Y≥C

t
,Yfree 

 (d) Min Z= b
t
Y,A

t
Y≥C

t
,Y≥0 free /DeefOekeâlece Z= b

t
 

Y,A
t
Y≥C

t
,Y≥0 free 

Ans. (c) : The dual of the given linear programming 
problem takes the form  

Minimize   Z = b
t
Y 

Subject to   A
t
Y≥ C

t
 

   Y free 

Where b
t
,A

t, Ct
 are the transposes of b,A,C. 

69.  If ω ≠ 1  is a cube root of unity, then: 

    21+ ω + ω + .............. + ω =3n–1  
  Ùeefo ω ≠ 1  FkeâeF& keâe Ievecetue nw, lees:  

    21+ ω + ω + .............. + ω =3n–1  
 (a) 0  (b) 1  
 (c) 3n (d) n–1 
Ans. (a) : If ω ≠ 1  is a cube root of unity, then  

1  + ω + ω2 
 = 0 

 

Now 
2 3 4 5 3n–1

3 2 3n–3 2

1 ......

0 (1 ) ...... (1 )

0

+ ω + ω + ω + ω + ω + + ω

⇒ + ω + ω + ω + + ω + ω + ω

=

  

70.  Which of the following functions are analytic 

on C? 

  (i) f(z) = z   
  (ii) g(z) =a polynomial in z 

  (iii) h(z) = tan z 

  (iv) u(z) = cosh z 

  efvecveefueefKele ceW mes keâewve mee heâueve hej efJeMuesef<ekeâ nw? 

  (i) f(z) = z   
  (ii) g(z) = a polynomial in z 

  (iii) h(z) =  tan z 

  (iv) u(z) = cosh z 
 (a) (i)  (b) (iii)  
 (c) (iv) 

 (d) (ii) and (iv)/ (ii) Deewj (iv) 
Ans. (d) : Let f(z) = u (x, y) + iv (x, y);  ∀ z = x + iy  

∈D⊆C is on open set. Assume that u & v have 

continuous first order partial derivatives throughout D 

and that they satisfy Cauchy- Riemann equations at z ∈ 

D. Then f (z) exists.   

• Polynomial functions in z ∈C are analytic in a given 
region 

• u(z) = cos hz is analytic in given region. 

• f(z)= z is non-analytic in a given region because 
Cauchy- Riemann equations are not satisfied as  

f (z) z f (x iy) x – iy

u Re(f ) x;v = Im(f) = - y

= ⇒ + =

⇒ = =
 

x x y y x y
u 1, v 0,u 0, v –1 u v∴ = = = = ⇒ ≠  

at any point (x,y) in the region 

• h(z) = 
iz iz

iz iz

sin z e e
tan z : i

cosz e e

−

−

−
= = −

+
 

The differentiation rules for analytic functions then 
allow to conclude that tan is analytic in all points z ∈ C 

where e
iz
 + e

–iz ≠ 0. 

Now e
iz
 + e

–iz
 = –e

–iz
 (e

i(2z–π)
–1) is equal to 0 iff   

i(2z – π) = 2kπi, k∈Z, 

z k ,k Z.
2

π
= π + ∈  
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1.  If the Nijenhuis tensor vanishes on an almost 

complex manifold, then the F-connection is   
  Ùeefo Skeâ ueieYeie meefcceße yengcegKe hej efvepesvengDeme 

ØeefoMe MetvÙe nes peelee nw, lees F-mebÙeespeve 

 (a) Symmetric/meceefcele nw  
 (b) Half-symmetric/DeOe&-meceefcele nw  
 (c) Anti-symmetric/Øeefle-meceefcele nw 
 (d) Not necessarily symmetric/keâe meceefcele nesvee 

DeeJeMÙekeâ veneR nw 

Ans. (d) If the Nijenhuis tensor vanishes on an almost 

complex manifold, it means that the manifold can be 

endowed with a complex structure. This implies that the 

manifold is integrable, and a complex structure can be 

applied to it.  

However, even in this case, the F-connection, which is 

the connection preserving the almost complex structure, 

is not necessarily symmetric Thus, when the Nijenfuis 

tensor vanishes, it is not required for the F-connection 

to be symmetric.    
2.  For term by term integration of an infinite 

series of integrable functions, the condition of 

uniform convergence of the series is      
  efkeâmeer meceekeâueveerÙe heâueveeW keâer Devevle ßesCeer keâes heoMe: 

meceekeâueve keâjves kesâ efueÙes ßesCeer keâe Skeâmeceeve 
DeefYemeefjle nesves keâe ØeefleyebOe nw 

 (a) Necessary and sufficient/DeeJeMÙekeâ SJeb heÙee&hle  
 (b) Necessary but not sufficient/DeeJeMÙekeâ hejvleg 

heÙee&hle veneR  
 (c) Sufficient but not necessary/heÙee&hle hejvleg 

DeeJeMÙekeâ veneR 
 (d) Neither sufficient nor necessary/ve lees heÙee&hle ve 

ner DeeJeMÙekeâ 

Ans. (c) : If a series 
n

n 1

f (x)
∞

=
∑ converges to f(x) 

uniformly on the interval [a, b] and also if each fn(x) is 

integrable then f(x) is integrable on [a, b] and 

b

n
a

n 1

f
∞

=
∑∫ (x)dx=

b

n
a

n 1

f (x)dx
∞

=
∑∫ =

b

a
f(x) ∫ dx  and for term 

by term integration of an infinite series of integrable 

functions, the condition of uniform convergence of the 

series is sufficient but not necessary.  

3.  Which of the following statements is/are true?  

  I: Union of two topologies on X is always a 
topology on X. 

  II: Intersection of two topologies on X is always 
a topology on X.    

  efvecveefueefKele keâLeveeW ces mes keâewve-mee/mes keâLeve melÙe 
nw/nQ? 

  I : X hej oes mebefmLeefleÙeeW keâe mebIe meowJe X keâer Skeâ 
mebefmLeefle nesleer nw~ 

  II: X hej oes mebefmLeefleÙeeW keâe meJe&efve‰ meowJe X keâer Skeâ 
mebefmLeefle nesleer nw~ 

 (a) Only I/kesâJeue I  
 (b) Only II/kesâJeue II 
 (c) Both I and II/ I SJeb II oesveeW 
 (d) Neither I nor II/ve lees I ve ner II 

Ans. (b) :Let X ={a, b, c}and { }1
, {a},Xτ = φ , 

{ }2
, {b}, Xτ = ϕ then 

1 2
andτ τ  are topologies on X  

but { }1 2
,{a},{b},Xτ ∪τ = φ  is not a topology on X as 

{a}, {b} 
1 2

∈τ ∪ τ but  {a} ∪ {b}  = {a, b}  ∉ 
1 2

τ ∪ τ . 

Therefore, union of two topologies on X need not be a 
topology on X. 

Now Let 
1

τ and 
2

τ be two topologies on X.  

To show that 
1 2

τ ∩ τ is also a topology on X. 

(i) Qφ and X ∈
1

τ  as well as 
2

τ  

     ⇒ φ , X ∈ 
1 2

τ ∩ τ  

(ii) Let { }i i I
U

∈
be a family of open sets such that Ui ∈ 

1 2
τ ∩ τ  VV  ii  ∈∈  II..    

⇒⇒  UUii  ∈∈  1
τ   aanndd  UUii  ∈∈  2

τ ,,  VV  ii  ∈∈  II  

⇒⇒  ∪∪ii∈∈II  UUii  ∈∈ 1
τ   aanndd  ∪∪ii∈∈II  UUii  ∈∈ 2

τ   

( )1 2
and are topologies on Xτ τQ   

⇒⇒  ∪∪ii∈∈II  UUii  ∈∈ 1 2
τ ∩ τ   

((iiiiii))  LLeett  ∪∪11  ,,  ∪∪22  ,,  ..............  ∪∪nn  ∈∈    1 2
τ ∩ τ   

⇒⇒  UUii  ∈∈  1
τ   aanndd  UUii  ∈∈  2

τ           ,,  ii  ==  11,,  22,,  ................,,nn  

⇒⇒  
n

i 1
i 1

U
=
∩ ∈τ   aanndd  

n

i 2
i 1

U
=
∩ ∈τ   

( )1 2
and are topologies on Xτ τQ   

⇒⇒  
n

i 1 2
i 1

U
=
∩ ∈τ ∩τ   

HHeennccee  1 2
τ ∩ τ   iiss  aallssoo  aa  ttooppoollooggyy  oonn  XX..   
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4.  Fourier sine transform of the function f (x)= 

1

x
is  

  heâueve f (x)= 
1

x
 keâe heâesefjÙej pÙee ™heelebjCe nw 

 (a) π   (b) 
2

π   

 (c) 2

π
 (d) 

2

π
 

Ans. (b) : By Fourier sine transform. 

F {f(x)} = 
0

2
f (x)

∞

π ∫ sin sx dx  

⇒ F 
1

x

 
 
 

 = 
0

2 1

x

∞

π ∫  sin sx dx 

Q  We have 
ax

0

2 e

x

−∞  
 π  

∫  sin sx dx  

                                             = 12 x
tan

a

−  
  π   

 

⇒ F 
1

x

 
 
 

 = 
0

2 1

x

∞

π ∫  sin sx dx = 12 x
tan

0

−  
 π  

 

                                       = 
2

π
 tan

–1
(∞)  

                               = 
2

2

π
×

π
  

                = 
2

π
 

5.  If p is a prime number, then any group of 

order 2p has a normal subgroup of order  
  Ùeefo p Skeâ DeYeepÙe mebKÙee nw, lees ›eâce 2p kesâ efkeâmeer 

mecetn kesâ efueS ›eâce keâe Skeâ ØemeeceevÙe Ghemecetn nesiee 
 (a) P – 1  (b) p  

 (c) p +1 (d) ( )1
p 1

2
+  

Ans. (b) : Given order of group G is 2p, p is a prime 

number, and it has a subgroup of order p whose index is 

2. And any subgroup of index 2 is normal subgroup of 

G.  

⇒ It has a normal subgroup of order p.    

6.  The rate of convergence of Newton-Raphson 

method is   
  vÙetšve-jwheämeve efJeefOe keâer DeefYemeeefjlee keâer oj nw 
 (a) Cubic/Ieve  
 (b) Fourth order/ÛelegLe& ›eâce  
 (c) Linear/jwefKekeâ 
 (d) Quadratic/Jeie& 

Ans. (d) : By Newton- Raphson method we have  

xn+1 = xn – n

n

f (x )

f '(x )
 

Let α be root of f(x)  

⇒ xn = α + εn & xn+1 = α + εn+1 

     where εn & εn+1 are errors.  

⇒ α + εn+1 = α+ εn – 
( )
( )

n

n

f  

f '

α + ε

α + ε
 

⇒ εn+1 = εn – 

2

n
n

2

n
n

f ( ) f '( ) f ''( ) ......
2!

f '( ) f ''( ) f '''( ) ......
2!

ε
α + ε α + α +

ε
α + ε α + α +

 

Since higher power of εn are very small, so on 
neglecting them we have  

εn+1 ≈  εn –
( ) ( )

( ) ( )

2

n
n

n

f ( ) f ' f ''
2!

f ' f ''

ε
α + ε α + α

α + ε α
   

εn+1 ≈  
( ) ( )

( ) ( )

2 2

n n

n

1
f '' 0 f ''

2

f ' f ''

ε α − − ε α

α + ε α
      ( )( )f 0α =Q  

εn+1 ≈  
( )
( )

2n
f ''

2 f '

ε α

α
 

⇒ Rate of Convergence is quadratic.  

7.  If φ1 and φ2 are arbitrary functions, then the 
solution of the partial differential equation 

  γ = a
2
 t, is  

  Ùeefo φ1 SJeb φ2 mJesÛÚ heâueve nes, lees DeebefMekeâ DeJekeâue 
meceerkeâjCe γ = a

2
 t keâe nue nw 

 (a) ( ) ( )1 2
z y ax y ax= φ + + φ −   

 (b) ( ) ( )1 2
z y y ax= φ + φ −   

 (c) ( ) ( )1 2
z y ax y= φ + + φ  

 (d) ( ) ( )1 2
z x y axy= φ + φ +  

Ans. (a) : Given γ = a
2
 t                 ...(i)  

We have γ = 
2

2

z

x

∂

∂
   and  t = 

2

2

z

y

∂

∂
 

Putting in (i), we get  

        
2

2

z

x

∂

∂
 =  a

2
 

2

2

z

y

∂

∂
 

⇒    
2

2

z

x

∂

∂
 – a

2
 

2

2

z

y

∂

∂
 = 0  

⇒    (D
2 
– a

2
 (D')

2
) z = 0   where D = 

x

∂

∂
 and D' = 

y

∂
∂

  

For Auxiliary equation put D = m and D
'
 = 1  

 m
2
 – a

2
 = 0     ⇒   m = ± a 

⇒ Its general solution is  

      ( ) ( )1 2
z y ax y ax= φ + + φ −  

where φ1 and φ2 are arbitrary functions.   
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8.  Let f: [a, b]→ R be a bounded function and P 
be a partition of [a, b], then U (P, – f) =  

  ceeve ueerefpeS efkeâ f : [a, b]→ R Skeâ heefjyeæ heâueve nw 
leLee  P, [a, b] keâe Skeâ efJeYeepeve nw, leye U (P, – f) = 

 (a) U (P, f)  (b) –U (P, f)  
 (c) – L(P, f) (d) L (P, f) 
Ans. (c) : Let P = {a = x0 ≤ x1 ≤ x2 ≤ ....... ≤ xn = b} be 
the partition of [a, b] then upper Riemann sum of f is 
defined as  

U (P, f) = 
n

i i

i 1

M x
=

∆∑      

where Mi is supremum of f in [xi–1, xi] and ∆xi = xi –1 
xi–1; i = 1, 2, ...,n  
and lower Riemann sum of f is defined as  

L (P, f) = 
n

i i

i 1

m x
=

∆∑      

where mi is infimum of f in [xi–1, xi]  and ∆xi = xi – xi–1 ; 
i = 1, 2,....,n 

Consider U (P, –f) = 
n

i i

i 1

M ' x
=

∆∑  

where '

i
M  is supermum of –f in [xi–1 , xi] which implies 

that '

i
–M  is infimum of f in [xi–1 , xi].  

Hence,  U (P, –f) =
n

'

i

i 1

M
=
∑ ∆xi =

n
'

i

i 1

– –M
=
∑ ∆xi = – L(P, f).  

9.  The dimension of Lie group SL (n, C) is   
  ueer-mecetn SL (n, C) keâer efJecee nw 
 (a) n

2  (b) n
2 
– 1  

 (c) 2 (n
2
 – 1) (d) 2n

2 
Ans. (c) : SL (n, c) = {A ∈ GL (n, c) | |A| = 1}  

Since |A| = 1 condition gives one constraint on a 

complex number so there are 2(n
2 
–1) arbitrary entry  

∴ dim (SL(n, c)) = 2 (n
2 –1)    

10.  Which of the following set of vectors is a basis 

for vector space R
3
?  

  efvecveefueefKele cess keâewve-mee meefoMeeW keâe mecegÛÛeÙe meefoMe 
meceef° R3 keâe Skeâ DeeOeej nw? 

 (a) ( ) ( ) ( ){ }1, 1,1 , 1,0,2 , 2, 1,3− −   

 (b) ( ) ( ) ( ){ }1, 1,1 , 1,0,2 , 2,1,1−   

 (c) ( ) ( ) ( ){ }1, 1,1 , 1,0,2 , 0,1,1−  

 (d) ( ) ( ) ( ){ }1, 1,1 , 1,0,2 , 1, 2,0− −  

Ans. (b) : (a) Vectors are not linearly independent as (1, 

–1, 1) + (1, 0, 2) = (2, –1, 3). 

(b) Consider

1 –1 1

1 0 2

2 1 1

 
 
 
 
 

;
2 2 1

3 3 1

R R – R

R R – 2R

→

→
     

        
3 3 2

1 1 1

0 1 1 ;R R – 3R

0 3 1

− 
  → 
 − 

  

        
1 1 1

0 1 1

0 0 4

− 
 
 
 − 

  

therefore, the set {(1, –1, 1), (1, 0, 2), (2, 1, 1)} is 
linearly independent set and generates R

3
 because this 

set has 3 elements which is same as dimension of R
3
. 

Hence, it is a basis.  

(c) vectors are also not linearly independent as  

(1, 0, 2) – (1, –1, 1) = (0, 1, 1).  

(d) vectors are also not linearly independent as 

(1, 0, 2) + (1, –2, 0) = (2, –2, 2) = 2 (1, –1, 1).  

11.    The value of L
–1

 
 
 
 

–1/se

s
is  

  L
–1

 
 
 
 

–1/se

s
keâe ceeve nw 

 (a) J0 (2t)  (b) J0 ( )2 t   

 (c) J0 ( )2 t  (d) J0 ( )2t  

Ans. (b) : The Bessel function of first kind of  order 

zero given as J0 (t)  = 
( )

( )

n 2n

22n
n 0

1 t

2 n!

∞

=

−
∑  

 and ( )
1/ s

1

0

e
L J 2 t

s

−
−  

= 
 

   

12.  Which of the following is a topology on X = {a, 
b, c, d}?/efvecveefueefKele ceW mes keâewve X = {a, b, c, d} hej 
Skeâ mebefmLeefle nw?  

 (a) { },{a ,{b},{b,c},X}φ   

 (b) { },{a},Xφ   

 (c) { },{a ,{b},X}φ  

 (d) { },{c ,{d},{b,c},X}φ  

Ans. (b) : Definition: Let X be a set and τ  be the 

collection of subsets of  X. The τ  is called a topology 

on X if- 

(1)  φ And X are in τ .  

(2) The arbitrary union of elements of τ  are also in τ .  

(3) The finite intersection of elements of τ  are also 

in τ .  

In option (a) {a}∪{b} = {a, b} ∉ {φ,{a}, {b}, {b, c}, 
X} 

⇒ {φ, {a}, {b}, {b, c}, X} is not a topology on X.  

In option (b) consider τ = {φ, {a}, X}  

(1) φ And X are in τ . 

(2) Arbitrary union of elements of τ  are also in τ . 

(3) The finite intersection of elements of τ  are also in τ .       
In option (c) {a} ∪ {b} = {a, b} ∉ {φ, {a}, {b}, X}  
⇒ {φ, {a}, {b}, X} is not a topology on X.  

In option (d) {c} ∪ {d} = {c, d} ∉ {φ, {c}, {d}, {b, c}, X}  

⇒ {φ, {c}, {d}, {b, c}, X} is not a topology on X.  
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13.  The order of the difference equation  

  2

x x x
∆ y + 3∆y - 3y = x, is  

  Deblej meceerkeâjCe 2

x x x
∆ y + 3∆y - 3y = x,  keâer keâesefš nQ 

 (a) 1  (b) 2  
 (c) 3 (d) 4 
Ans. (b) : Since ∆yx = yx+1 – yx               .... (1) 

⇒ ∆2
yx = ∆ (∆yx) = ∆ (yx+1 – yx)  

                               = (yx+2 – yx+1) – (yx+1 – yx) 

⇒ ∆2
yx = yx+2 – 2yx+1 + yx                   .... (2) 

Using (1) and (2) given difference equation becomes 

∆2
yx + 3 ∆yx – 3yx = x  

⇒yx+2 – 2yx+1 + yx + 3yx+1 – 3yx – 3yx = x 

⇒ yx+2 + yx+1 – 5yx = x  

and order of the difference equation is the difference 
between the largest and smallest argument appearing in 
difference equation divided by unit of increment  

⇒ Order = 
x 2 x

2
1

+ −
=   

14.  General solution x = z (x, y) of the partial 

differential equation y
2
zp + x

2
zq = xy

2
, is    

  DeebefMekeâ DeJekeâue meceerkeâjCe y
2
zp + x

2
zq = xy

2 keâe 
JÙeehekeâ nue x = z (x, y) nw  

 (a) ( )3 3 2 2
F x y ,x z 0− − =   

 (b) ( )3 3 2 2
F x y ,x z 0− − =   

 (c) ( )3 3 2 2
F x y ,x z 0+ + =  

 (d) ( )3 3 2 2
F x y ,x z 0+ − =  

Ans. (a) : Lagrange's Auxiliary equation is  

      
2 2 2

dx dy dz

y z x z xy
= =  

Consider 
2 2

dx dy

y z x z
=  

          ⇒ x
2 
dx = y

2
 dy  

          ⇒ x
3
 – y

3
 = C1                : C1= arbitrary constant  

also       
2 2

dx dz

y z xy
=   

         ⇒ xdx = zdz 

         ⇒ x
2
 – z

2
 = C2                : C2 = arbitrary constant  

∴ General solution will be  

      F (x
3
 – y

3
, x

2
 – z

2
) = 0   

15.  Let N be a normed linear space and x, y ∈ N, 

then/ceeve ueerefpeÙes N Skeâ ceeveefkeâle jwefKekeâ meceef° nw 
Deewj x, y ∈ N, lees 

 (a) || x || || y || || x y ||− ≤ −   

 (b) || x || || y || || x y ||− < −   

 (c) || x || || y || || x y ||− ≥ −  

 (d) || x || || y || || x y ||− > −  

Ans. (a) : 

         || x || = || (x – y) + y || ≤ || x – y || + || y ||  

⇒     || x || – || y || ≤ || x – y ||  

    and || y || = || (y – x) + x || ≤ || y – x|| + || x ||  

⇒ || y || – || x || ≤ || x – y ||  

⇒ || x || – || y || || x – y ||  ≤  

16.  Inner product of tensors A
ij
 and  Bhk will be a 

mixed tensor of the type/ØeefoMeeW A
ij
 Deewj  Bhk keâe 

Deeblej iegCeve Skeâ efceefßele ØeefoMe nesiee 
 (a) (2, 1)/ (2, 1) Øekeâej keâe  
 (b) (1, 2)/ (1, 2) Øekeâej keâe  
 (c) (2, 2)/ (2, 2) Øekeâej keâe 
 (d) (1, 1)/ (1, 1) Øekeâej keâe 
Ans. (d) : Inner product of two tensors is obtained by first 
taking outer product and then contracting the outer product.  

Now outer product of contravariant tensor A
ij
 of rank 2 

and covariant tensor Bhk of rank 2 gives a mixed tensor 
of type (2, 2) which on contraction gives a mixed tensor 
of the type (1,1). 
17.  Let X = {a, b, c} and T = {φ, {a}, {a, b},{a, c}, X} 

be a topology on X. If A = {a, c}, then derived 
set of A is  

  ceevee X = {a, b, c} leLee T = {φ, {a}, {a, b},{a, c}, 

X} X hej Skeâ mebefmLeefle nw~ Ùeefo A = {a, c}, lees A keâe 
JÙeglheVe mecegÛÛe nw 

 (a) φ  (b) {b, c}  
 (c) {a, c} (d) {a, b} 
Ans. (b) : Given X = {a, b, c,} and T = {φ, {a}, {a, b}, 
{a, c}, X} is a topology on X. 

If A = {a, c} then derived set A' of A is the set of all 
limit points of A.  

Now 'a' is not a limit point of A since {a} is a 
neighbourhood of 'a' which does not contain any other 
point of A other than 'a' itself. Whereas 'b' and 'c' are 
limit points of A since {a, b} and X are neighbourhoods 
of 'b' containing a point of A other than 'b' and {a, c} 
and X are neighbourhoods of 'c' containing a point of A 
other than 'c'  

∴ A' = {b, c}        
18.  For all a, b in Boolean algebra, the value of  

  (a + b) a' b' is  
  yetefueÙeve yeerpeieefCele ceW meYeer a, b kesâ efueÙes, (a + b) a' 

b' keâe ceeve nw 
 (a) a  (b) 1  
 (c) a + b (d) 0 
Ans. (d) :  

  

( )a b a ' b ' a b a 'b ' a b a 'b '

0 0 1 1 0 1 0

1 0 0 1 1 0 0

0 1 1 0 1 0 0

1 1 0 0 1 0 0

+ +

 

 ⇒ (a + b) a'b' = 0  
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19.  Newton-Raphson iterative formula to obtain 

the cube root of N is /N keâe Ievecetue %eele keâjves kesâ 
efueÙes vÙetšve-jwheämeve keâe hegvejeJe=òeerÙe met$e nw 

 (a) 
i 1 i 2

i

1 N
x 2x

3 x
+

 
= − 

 
  (b) 

i 1 i 2

i

1 N
x 2x

3 x
+

 
= + 

 
  

 (c) 
i 1 i

i

1 N
x 2x

3 x
+

 
= + 

 
  (d) 

i 1 i

i

1 N
x 2x

3 x
+

 
= − 

 
  

Ans. (b) : Let x be cube root of N  

⇒   x = 
1

3(N)  

⇒   x
3
 – N = 0 

Consider f(x) = x
3
 – N 

or            f(xi) = xi
3
 – N    

 ⇒          f '(xi) = 3 xi
2
 

Newton – Raphson iterative formula is given as    

       xi+1 = xi – 
( )
( )

i

i

f x

f ' x
 

 ⇒  xi+1 = xi – 
3

i

2

i

x N

3x

−
 

 ⇒  xi+1 = 
3 3

i i

2

i

3x x N

3 x

− +
 

3

i
i 1 2

i

2x N
x

3x
+

+
⇒ =   

 ⇒  xi+1 = 
i 2

i

1 N
2x

3 x

 
+ 

 
 

20.  The set of points in the interval [2, 4] and in 

interval (1, 2) are   
  Deblejeue SJeb Deblejeue kesâ efyevogDeeW kesâ mecegÛÛeÙe nesles nQ 
 (a) Finite /heefjefcele  
 (b) Cardinally equivalent/keâeef[&veue ™he mes mecekeâ#e  
 (c) Cardinally unequivalent /keâeef[&veue ™he mes 

Demecekeâ#e 
 (d) None of the above/Ghejesòeâ ces mes keâesF& veneR 
Ans. (b) : Both the interval [2, 4] and (1, 2) are 

uncountable having cardinality 'Continuum' therefore 

they are cardinally equivalent.    

21.  Given K.E. = T = 21
rm

2



and P.E. = V=   

 
 
  
 

2

2

1 r
1 +

2 c
, then Hamiltonian H = ?  

  efoÙee nw K.E. = T = 21
mr

2

  leLee P.E. = V  

=

 
 
  
 

2

2

1 r
1 +

2 c
, lees nwefceušesefveÙeve H = ? 

 (a) T + V   (b) T + V 
2

2

2r

c
+



  

 (c) T + V
2

2

2r
–

rc



  (d) T + V 
2

2

2r

rc
+



 

Ans. (*) : Given T = 
1

2
m 2

r
  and V = 

2

2

1 r
1

2 c

 
 +  
 



 

Now Lagrangian L = T – V  

                ⇒         L = 
2

2

2

1 1 r
m r 1

2 2 c

 
 − +  
 





         .....(i)  

 and Hamiltonian H is defined as  

                 H = – L + 
n

r r

r 1

p q
=

∑ 

                             .....(ii) 

 Where pr = generalized momentum of particle  

      and qr = generalized co-ordinates of particle. 

     and pr  = 

r

L

q

∂

∂ 

                Here qr = r 

 ⇒ pr = 
L

r

∂

∂


  = 
r

∂

∂


 
2

2

2

1 1 rrm 1
2 2 c

  
  − +      




  ( )From(i)  

 ⇒ pr = 
2

rrm
c

−




 

 Putting these values in (ii), we get  

 H = – 
2

2

2 2

1 1 r r
m r 1 m r r

2 2 c c

    
    − + + −          

 
  

 

 H = 
2 2

2

2 2

1 1 r rm r 1
2 2 c c

 
 + + −  
 

 


 

 
2

2

rH T V
c

= + −


 

22.  Let Q be the field of rational numbers. Then 

over Q, 2 + 3 is algebraic of degree  
  ceeve ueerefpeS Q heefjcesÙe mebKÙeeDeeW keâe #es$e nw~ leye 

2 + 3 , Q Ieele keâe yeerpeieefCeleerÙe nw 
 (a) 2  (b) 3  
 (c) 4 (d) 6 

Ans. (c) : ( )2

2 3+Q = 2 + 3 + 2 6    = 5 + 2 6  

 and 

( ) ( )4 2

2 3 5 2 6 25 24 20 6 49 20 6+ = + = + + = +  

⇒ ( ) ( )4

2 3 50 20 6 1 10 5 2 6 1+ = + − = + −  
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⇒ ( ) ( )4

2 3 10 5 2 6 1 0+ − + + =  

⇒ ( ) ( )4 2

2 3 10 2 3 1 0+ − + + =  

⇒ 2 3+  Satisfies a polynomial  

 (let 2 3 x+ = ) 

       x
4
 – 10x

2
 + 1 = 0  over   Q  which is of  

degree 4. It is also a minimal polynomial for ( )2 3+    

Therefore ( )2 3+  is algebric of degree 4.       

23.  The curve, for which ( )∫
π/2

2

0

y' + 2xyy'  dx 

subjected to y (0) = 1, y 
 
 
 

π

2
= 1 is extremised, 

is  

  Je›eâ, efpemekesâ efueÙes ( )∫
π/2

2

0

y' + 2xyy' dx, y(0) = 1, y 

 
 
 

π

2
= 1 kesâ DeeOeerve ÛejceerkeâjCe nw, nw 

 (a) y = 2 sinx  + cosx  (b) y = sinx +  2 cosx  
 (c) y = sinx – cosx (d) y = sinx + cosx 
Ans. (d) : Here functional F(x, y, y') = y'

2
 + 2xyy'  

  ∴ By Euler's equation we have  

         
F d F

y dx y '

 ∂ ∂
−  ∂ ∂ 

 =  0  

  ⇒  2xy' – ( )d
2y ' 2xy

dx
+  = 0  

  ⇒ 2xy' – 2y'' – 2(xy' + y) = 0  

  ⇒ y'' + y = 0 

  Auxiliary equation is  

       m
2
 + 1 = 0 

  ⇒         m = ± i 

  ⇒     y(x) = C1 cosx + C2 sinx  

 y (0) = 1 ⇒ 1 = C1 

 y 
2

π 
 
 

 = 1  ⇒ 1 = C2 

 ∴ y(x) = cosx + sinx = sinx + cosx   

24.  For f (z) = 
z

4

e sinhz

z
, the residue at z = 0 is  

  f (z) = 
z

4

e sinhz

z
 kesâ efueÙes, z = 0 hej DeJeMes<e nw 

 (a) 
2

3
  (b) 

1

3
  

 (c) 
1

2
 (d) 

1

6
 

Ans. (a) : Given f(z) = 
z

4

e sinh z

z
 

                         = 
( )z zz

4

e ee

2z

−−
×    

z ze e
sinh z

2

− −
= 

 
Q   

                         = 
2z

4

1 e 1

2 z

−
 

                         = 
( ) ( )2 3

4

2z 2z1
1 2z ..... 1

2! 3!2z

 
+ + + + − 

  
 

                         = 
3 2

1 1 2 1

3 zz z
+ +  + ........ 

Now residue at z = 0 is coefficient of  
1

z
in Laurent 

series expansion of  f(z) about z = 0 is = 2/3 

25.  If two bounded lattices A and B are 
complemented, then which of the following is 

complemented?/Ùeefo oes heefjyeæ peeueer A Deewj B 
hetjkeâ nw, leye efvecveefueefKele ceW mes keâewve hetjkeâ nw? 

 (a) A – B  (b) A + B  
 (c) A × B 
 (d) All of the above/Ghejesòeâ meYeer 
Ans. (c): A lattice L is complemented if every element 

a ∈ L has a complement b ∈ L, such that: 

a  ∨ b = 1  and a ∧ b = 0 where 1 and 0 are the greatest 
and least elements of the lattice, respectively. 

• A and B are two bounded complemented lattices 

• A = B: The difference operation between two lattices 
doesn't necessarily preserve the complemented 
property.  

• A + B: The direct sum of two lattice does not always 
result in a complemented lattice unless certain 
conditions are met. 

• AB: The Cartesian product (or direct product) of two 
complemented lattices is always complemented. This is 

because the complement of an element (a, b) ∈ AB is 
(a', b'), where a' and b' are complements of a in A and b 
in B, respectively.  

The Cartesian product AB of two complemented lattices 
is always complemented. 

Hence, the answer is (c).    
26.  If Pn(x) denotes Legendre's polynomial, then 

the value of P'n+1 (x) – xP'n(x) is equal to  
  Ùeefo Pn(x) uespesv[^erpe yengheo keâes oMee&lee nw, lees P'n+1 

(x) – xP'n(x) keâe ceeve yejeyej nw 
 (a) (n + 1) Pn (x)  (b) n

2  
 (c) Pn(x) (d) P'n(x) 
Ans. (a) : By recurrence relations we have  

 n Pn (x) = x P'n (x)  – P'n–1(x)                          ....(i)  

 and (2n + 1) Pn(x) = P'n+1(x) – P'n–1(x)          ....(ii)  

 Subtract (ii) from (i), and we get  

 (n + 1) Pn(x) = P'n+1(x) – xP'n(x)  

⇒ P'n+1(x) – xP'n(x)  =  (n + 1) Pn(x)      
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27.  Unique polynomial f(x) of degree 2 or less such 

that f (0) = 1,  f(1) = 3 and f(3) = 55 is  
  2 Ùee 2 mes keâce ef[«eer keâe Skeâcee$e yengheo f(x) efpemekesâ 

efueÙes f (0) = 1, f(1) = 3 Deewj f(3) = 55 nes, nw 
 (a) 1 + 6x – 8x

2         (b) 1 – 6x + 8x
2  

 (c) 1 + 6x + 8x
2 (d) 1 – 6x – 8x

2 
Ans. (b) :  

Given   
x 0 1 3

f (x) 1 3 55
  

 By Lagrange's Interpolation formula, we have  

 f(x) = 
( )( )

( )( )
( ) ( )( )

( )( )
1 2 0 2

0

0 1 0 2 1 0 1 2

x x x x x x x x
f x

x x x x x x x x

− − − −
+

− − − −
  

                                   f(x1) + 
( )( )

( )( )
( )0 1

2

2 0 2 1

x x x x
f x

x x x x

− −

− −
 

⇒ f(x) = 
( )( )
( )( )
x 1 x 3

0 1 0 3

− −

− −
 ×1 + 

( ) ( )
( ) ( )
x 0 x 3

3
1 0 1 3

− −
×

− −
  

                                               + 
( )( )
( )( )
x 0 x 1

55
3 0 3 1

− −
×

− −
  

⇒ f(x)  = 
( )

2 2 2
x 4x 3 x 3x x x

3 55
3 2 6

− + − −
+ × + ×

−
  

⇒ f(x)  = 
2 2 2

x 4x 3 3x 9x 55x 55x

3 2 6

− + − −
+ +

−
  

⇒ f(x) = 1 – 6x + 8x
2
 

28.  If T : R
2
 (R) → R

2
 (R) is defined by T(2, 3) = (4, 

5) and  T (1, 0) = (0, 0), then T (x, y) will be  
  Ùeefo T : R

2
 (R) → R

2
 (R) pees efkeâ T(2, 3) = (4, 5) 

leLee T (1, 0) = (0, 0), mes heefjYeeef<ele nw, lees T (x, y) 
keâe ceeve nesiee 

 (a) 
4y 5y

,
3 3

 
 
 

  (b) 
5y 4y

,
3 3

 
 
 

  

 (c) 
4y 5y

x ,
3 3

 
− 

 
 (d) 

3y 4y 3y x
,

3 3

− − 
 
 

 

Ans. (a) : We have that {(2, 3), (1, 0)} is a basis of 

R
2
(R) and hence for every (x, y)∈R

2
 (R) 

(x, y) = α (2, 3) + β (1, 0) 
for some scales α, β∈ R which gives  

y 2y
& x –

3 3
α = β =  

Now if a linear transformation 2 2T : R R→ is defined 

by T (2, 3) = (4, 5) and T (1, 0) = (0, 0) 

then we must have  

T (x, y) = α T (2, 3) + β T (1, 0) 

⇒       T(x, y) (4,5) (0,0)= α + β  

⇒ 
4y 5y

T(x, y) (4 ,5 ) ,
3 3

 = α α =  
 

 

29.  The maximum number of normals, which can 

be drawn from a given point to the 

paraboloid, 2 2ax + by = 2cz is    

  Skeâ efoÙes ngS efyevog mes hejJeueÙepe 2 2ax + by = 2cz  hej 
DeefOekeâlece efkeâleves DeefYeuebye KeeRÛes pee mekeâles nw? 

 (a) 3  (b) 4  
 (c) 5 (d) 6 
Ans. (c) : Given paraboloid is ax

2
 + by

2
 = 2cz       .....(i)  

The equation of normal to (i) at (α, β, γ) is  

x y z

a b c

− α − β − γ
= =

α β −
                           ....(ii)  

If it passes through point (x1  ,y1  ,z1)  then 

     1 1 1
x y z

r
a b c

− α − β − γ
= = =

α β −
 (Say)  

⇒ α= 1 1

1

x y
, , z cr

1 ar 1 br
β = γ = +

+ +
                    ....(iii)  

      also (α, β, γ) lies on (i)  

∴  aα2
 + bβ2

 = 2cγ 

      Putting values of α, β, γ from (iii), we have  

⇒ 
( ) ( )

2 2

1 1

2 2

a x by

1 ar 1 br
+

+ +
 = 2 c (z1 + cr)  

which is a fifth degree equation in r. Hence there can be 

atmost five normals from a given point to (i).     

30.  Which one of the following is NOT a topology 

on X = {a, b, c}?  
  efvecveefueefKele ceW mes keâewve X = {a, b, c} hej mebefmLeefle 

veneR nw? 
 (a) { ,{a},{b,c},X}φ   

 (b) { ,{b},{a,c},X}φ   

 (c) { ,{a},{b},{a,b},X}φ  

 (d) { ,{a},{b},{c},{a,b},X}φ  

Ans. (d) : Definition: Let X be a set and τ  be the 

collection of subsets of X. The τ  is called a topology 

on X if- 

(i) φ And X are in τ . 

(ii) The arbitrary union of elements of τ  are also in τ .  

(iii) The finite intersection of elements of τ  are also 

in τ . 

Verify that options (a), (b) and (c) satisfies the all above 

conditions.  

In option (d) let τ  = {φ, {a}, {b}, {c}, {a, b}, X}  

As {b}, {c} ∈ τ   

but {b} ∪ {c} = {b, c} ∉ τ    

∴ τ  is not a topology on X = {a, b, c}.    
31.  The plane ax + by + cz = 0 cuts the cone yz + zx 

+xy = 0 in perpendicular lines, if  
  meceleue ax + by + cz = 0 Mebkegâ yz + zx +xy = 0 keâe 

uecyeJeled jsKeeDeeW ceW keâešsiee, Ùeefo 
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 (a) a b c 0+ + =   (b) 
1 1 1

0
a b c

+ + =   

 (c) 2 2 2a b c 0+ + =  (d) 
2 2 2

1 1 1
0

a b c
+ + =  

Ans. (b) :  

Let 
x y z

m n
= =
l

 be line of intersection of plane and cone 

then mn + nl + lm = 0 and al + bm + cn = 0   

⇒ (m + l) 
( )a bm

c

+ 
− 

 

l
 + lm = 0  

⇒ a ( )
2

a b c
m m

   + + −   
   

l l
 + b = 0  

      Let its roots be 1 2

1 2

and
m m

l l
 

Then sum of roots
( )

1 2

1 2

– a b – c

m m a

+
+ =

l l
 

and product of roots 1 2

1 2

b

m m a
× =

l l
 

      or  1 2 1 2m m

1 1

a b

=
l l

 

   Similarly 1 2 1 2m m n n

1 1

b c

=  

⇒ 1 2 1 2 1 2m m n n

1/ a 1/ b 1/ c
= =

l l
 

 Since the plane cuts the cone in perpendicular lines if 
l1l2 + m1m2 + n1n2 = 0  

which is only possible when 
1 1 1

0
a b c

+ + =  

32.  If for the functional J[y]= ( )∫
b

a

F x,y,y' dx, the 

integrand does not depend on x, then the first 

integral of Euler's equation is  

  heâuevekeâ J[y]= ( )∫
b

a

F x,y,y' dx, kesâ efueÙes Ùeefo 

meceekeâuÙe keâe ceeve x hej efveYe&j veneR keâjlee ns, lees 
DeeFuej kesâ meceerkeâjCe keâe ØeLece meceekeâue nesiee 

 (a) Fy = C  (b) F – y' Fy = C  

 (c) F – y' Fy = C (d) Fy – 
d

dx
Fy' = 0 

Ans. (b) : Given Functional is J[y] = ( )
b

a
F x, y, y ' dx∫  in 

which F (x, y, y') does not depend on x i.e. 
F

x

∂

∂
= 0  

So by Euler's equation 

     
d F F

F y ' 0
dx y ' x

 ∂ ∂
− − = ∂ ∂ 

  gives  

    
d F

F y ' 0 0
dx y '

 ∂
− − = ∂ 

 

⇒ F – y' 
F

y '

∂
∂

= C (Constant)  

33.  
( ) ( )→

3 3

x,y 0,0

x + y
lim

x – y
    

 (a) Exists and equals to zero/keâe DeefmlelJe nw Deewj 
MetvÙe kesâ yejeyej nw  

 (b) Exists but not equal to zero/keâe DeefmlelJe nw hejvleg 
MetvÙe kesâ yejeyej veneR nw  

 (c) Exists but not unique/keâe DeefmlelJe nw hejvleg 
DeefæleerÙe veneR nw 

 (d) Does not exist/keâe DeefmlelJe veneR nw 
Ans. (d) :  Take y=0. Then we have   

( )

3 3
2

x,y (0,0) x 0

x y
lim lim x 0

x – y→ →

+
= =  

Take y = sin x. Then we have 
3 3

x 0

x sin x
lim

x – sin x→

+
 

=
2 2

x 0

3x 3sin x cos x
lim

1 – cos x→

+
 

=
2 3

x 0

6x 6sin x cos x – 3sin x
lim

sin x→

+
 

=
2 2

x 0

6x
lim 6cos x – 3sin x

sin x→

 + 
 

 

=12 

Since limits are different on different paths to the origin, 
the conclusion is that limit does not exist. 

34.   
 
 

-1

2

s – 1
L

s – 6s + 13
is equal to  

   
 
 

-1

2

s – 1
L

s – 6s + 13
 yejeyej nw 

 (a) 3xe sin 2x   
 (b) 2xe cos 2x   
 (c) ( )2x

e sin 3x cos3x+  

 (d) ( )3x
e sin 2x cos 2x+  

Ans. (d) : 

 
( )

1 1

22

s 1 s 3 2
L L

s 6s 13 s 3 4

− −
 − − +   =   

− +  − +  
  

= 
( )

( ) ( )
1 1

2 22 2

s 3 2
L L

s 3 2 s 3 2

− −
   −   

+   
− + − +      

 

                       = e
3x

cos2x + e
3x

 sin2x 

           = e
3x

 (cos2x + sin2x)  

35.  Let X = {a, b, c} and T = {φ, {a},{a, b}, X} be a 
topology on X. Then (X, T) is  

  ceevee X = {a, b, c} Deewj T = {φ, {a},{a, b}, X} X hej 
Skeâ mebefmLeefle nw~ leye (X, T) nw 
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 (a) Compact only/kesâJeue mebnle  
 (b) Connected only/kesâJeue mecyeæ  
 (c) Both compact and connected/mebnle SJeb mecyeæ 

oesveeW 
 (d) Neither compact nor connected/ve lees mebnle ve ner 

mecyeæ 
Ans. (c) :  

Given X = {a, b, c} and T = {φ, {a}, {a, b}, X}  
Topological space (X, T) is Connected if and only if 
non-empty subset of X which is both open and Closed 
in X is X itself. In T there is no non-empty proper 
subset of X which is both open and closed therefore (X, 
T) is Connected. Since X is a finite set, so it is compact. 

36.  The Fourier transform of 

2
x

–
2e is   

  
2

x
–

2e  keâe heâesefjÙej ™heeblejCe nw 

 (a) 
2

s
–

22 eπ   (b) 
2

s

22 eπ   

 (c) 
2

s

22 eπ  (d) 
2

s

22 e
−

π  
Ans. (a) : Let F (s) be Fourier transform of f(x) = 

2
x

2e
−

then      

F(s) = isxf (x) e dx
∞ −

−∞∫  

       = 

2
x

isx2e e dx
−∞ −

−∞∫  

       = 

2

isx
x

2e dx
−∞ −

−∞∫  

       = 

2 2x is s

22 2e dx

 
− + − ∞

 

−∞∫  

       = 

2
2 x iss

2 22e e dx

 
− + − ∞

 

−∞∫  

Let 
x is

2 2
+  = y    ⇒  

dx

2
 = dy  ⇒ dx = 2 dy 

x →− ∞ then y → − ∞ and x → ∞  then y → ∞  

⇒F(s) = 

2 22
y

2
s s

e dy
– y2 2

–
2 e 2 e 2 e dy

∞ −

−∞
∞− −

∞

∫ = × ∫  

Let y
2
 = z ⇒ 2y dy = dz  ⇒ dy = 

1 2

dz dz

2y 2z
=  

As y 0→  then z 0→  and y → ∞  then z →∞   

= 

2 2
s 1 s

z2 2 2

0

2
2 e e z dz 2 e

2

∞− − −− = × π∫  

= 

2
s

22 e
−

π   

37.  A subspace of a normal space is   
  ØemeeceevÙe meceef° keâer Ghemeceef° nessieer 
 (a) Normal/ØemeeceevÙe  
 (b) Hausdorff/neTme[ehe&â  
 (c) Need not normal/ØemeeceevÙe nesvee pe™jer veneR 
 (d) Closed/mebJe=le 

Ans. (c) : A normal space is topological space where 
any two disjoint closed sets can be separated by disjoint 
open neighborhoods. However, this property does not 
always transfer to subspaces. For example, while 
 with the standard topology is normal, certain 
subspaces of it (with their subspace topology) may fail 
to be normal. 

This demonstrates that being normal is not hereditary. 
(i.e., the property is not guaranteed for subspaces).    

38.  The second order partial differential equation  

  
∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂

2 2 2
2

2 2

z z z z
– 2sin x – cos x – cos x = 0

x x y y y
is  

  efÉleerÙe ›eâce keâer DeebefMekeâ DeJekeâue meceerkeâjCe 

  
∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂

2 2 2
2

2 2

z z z z
– 2sin x – cos x – cos x = 0

x x y y y
 nw 

 (a) Parabolic for all values of x, y/meYeer x, y kesâ 
ceeveeW kesâ efueÙes hejJeueefÙekeâ  

 (b) Parabolic in half plane x ≥ 0/DeOe& leue x ≥ 0 ceW 
hejJeueefÙekeâ  

 (c) Parabolic in the half plane y ≥ 0/DeOe& leue y ≥ 0 
ceW hejJeueefÙekeâ 

 (d) Hyperbolic for all values of x, y/meYeer x, y kesâ 
ceeveeW kesâ efueÙes DeeflehejJeueefÙekeâ 

Ans. (d) : Given P.D.E. is  
2

2

z

x

∂
∂

 – 2 sinx 
2
z

x y

∂
∂ ∂

 – cos
2
x 

2

2

z

y

∂
∂

 – cosx 
z

y

∂
∂

 = 0  

b
2
–4ac 

b = –2sinx, a = 1,  c = – cos
2
x 

Consider (– 2sinx)
2
 – 4 (1) (– cos

2
x)  

 = 4 sin
2
x + 4 cos

2
x  

 = 4  >  0  

⇒ Given P.D.E. is hyperbolic for all values of x, y.  
39.  Let V = {(a, b, c, d): b – 2c + d = 0} be a 

subspace of R
4
. Then dimension of V is  

  ceevee V = {(a, b, c, d): b – 2c + d = 0} keâer Skeâ 
Ghemeceef° nw~ lees V keâer efJecee nw 

 (a) 0  (b) 1  
 (c) 2 (d) 3 
Ans. (d) : Given V = {(a, b, c, d) : b – 2c + d = 0} 

Subspace of R
4 

⇒ V = {(a, 2c – d, c, d) : a, c, d ∈ R} 

Showing that there are 3 arbitrary entries  

⇒ dim V = 3     

40.  Let f1(x) = 4, f2(x) = x
3
 and f3 (x) = 1 + Ax + Bx

2
. 

If f3 (x) is orthogonal to f1 (x) and f2 (x) on the 

interval (–2, 2). Then   
  ceevee f1(x) = 4, f2(x) = x

3 leLee f3 (x) = 1 + Ax + 

Bx
2 Ùeefo f3 (x) Deblejeue (–2, 2) hej f1 (x) Deewj f2 (x) 

hej ueebefyekeâ nes, lees 
 (a) A = 0, B = 1  (b) A = 0, B = 0  

 (c) A = 0, B = 
3

4
 (d) A = 0, B =– 

3

4
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Ans. (d) :  

Given f1(x) = 4, f2(x) = x
3
 and f3(x) = 1+Ax+Bx

2
 

Also f3(x) is orthogonal to f1(x) and f2(x) on the interval 

(–2, 2)  

⇒ 
2

3 1
2
f (x) f (x)

−∫ dx = 0  

⇒ ( )( )
2

2

2
1 Ax Bx 4

−
+ +∫  dx = 0  

⇒ 4 

2
2 3

2

x x
x A B

2 3
−

 
+ + 

 
 = 0    

⇒ 8 8
4 2 2A B 2 2A B

3 3

    + + − − + −        
 = 0 

⇒ 
16B

4 0
3

+ =    ⇒ B = – 
12

16
 

                             ⇒ 
3

B
4

= −  

 and ( ) ( )
2

3 2
2
f x f x

−∫ dx = 0  

⇒ ( )( )2
2 3

2
1 Ax Bx x dx

−
+ +∫  = 0  

⇒ ( )2
3 4 5

2
x Ax Bx

−
+ +∫ dx = 0  

–2

2
4 5 6x x x

A B 0
4 5 6

 
⇒ + + = 

 
 

⇒ 
32 32 32 32

4 A B 4 A B
5 3 5 3

   + + − − +     
 = 0  

          
64

A 0
5

=      ⇒ A 0=  

41.  The relativistic form of Newton's second law of 

motion is   
  vÙetšve kesâ ieefle kesâ otmejs efveÙece keâe meehes#ekeâerÙe ™he nw 

 (a) 
2

2 2

mc dv
F

c v dt
=

−
  

 (b) 
2 2m c v dv

F
c dt

−
=   

 (c) 
2 2

mc dv
F

dtc v
=

−
 

 (d) 
( )2 2

2

m c v dv
F

c dt

−
=  

Ans. (c) : The relativistic form of Newton's second law 

of motion is given as F = 
2 2

mc dv

dtc v−
 where m = 

mass, c = velocity of light,  v = velocity of mass m.    
42.  In the Laurent series expansion of the function 

f(z) = 
1 1

– ,
z – 1 z – 2

valid in the region |z| > 2, 

the coefficient of 
2

1

z
is  

  heâueve f(z) = 
1 1

– ,
z – 1 z – 2

 kesâ ueejeB ßesCeer Øemeej ceW, 

pees #es$e |z| > 2 ceW ceevÙe nw, 
2

1

z
 keâe iegCeebkeâ nw 

 (a) 0  (b) 1  
 (c) – 1 (d) 2 

Ans. (c) : Given f(z) =
1

z 1−
 –  

1

z 2−
,  |z| > 2   ...(i)  

f(z) can also be written as  

f(z) = 
1 1

1 2
z 1 z 1

z z

−
   − −   
   

 

⇒ f(z) = 

1 1
1 1 1 2

1 1
z z z z

− −
   − − −   
   

                   ....(ii)  

   | z | 2>Q  ⇒ 
1 1

1
z 2

< <  

                    and 
2

1
z

<  

⇒ f(z) = 

2 3
1 1 1 1

1 ......
z z z z

    + + + +         
 

                                – 

2 3
1 2 2 2

1 ......
z z z z

    + + + +         
 

⇒ f(z) = 
2 3 4

1 1 1 1
....

z z z z

 + + + + 
 

  

                                    – 
( ) ( )2 3

2 3 4

2 21 2
....

z z z z

 
 + + + +
 
 

 

⇒ f(z) = –
2 3 4

1 3 7
......

z z z
− − −    

 ∴ Coefficient of 
2

1

z
 is  –1 

43.  Which of the following is a generator of the 

cone 2 2 22x – 3y + 4z = 0 ?  

  efvecveefueefKele ceW mes keâewve Mebkegâ 2 2 22x – 3y + 4z = 0  
keâe Skeâ pevekeâ nw? 

 (a) 
x y z

2 3 4
= =   (b) x y z

1 12
= =   

 (c) 
x y z

2 1 1
= =

−
 (d) 

x y z

1 2 1
= =

−
 

Ans. (b) : The direction cosines of generator of a cone 

satisfies the equation of the cone. In option (b) 

x y z

1 12
= =  direction cosines of generators are 1, 2 , 

1 which satisfy 2x
2
 – 3y

2
 + 4z

2
 = 0 i.e. 2 (1)

2
 – 3 

( )2
22 4(1) 0+ =  Therefore 

x y z

1 12
= =  is a generator 

of the cone.      
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44.  If all vertices are of degree at least 2, then the 
largest number of vertices in a graph with 35 

edges is/Ùeefo meYeer Meer<e& keâce mes keâce 2 Ieele kesâ nes, 
lees 35 efkeâveejeW Jeeues «eeheâ ceW Meer<eeW keâer DeefOekeâlece 
mebKÙee nesieer 

 (a) 25  (b) 23  
 (c) 21 (d) 27 
Ans. (*) : We have  

2 (number of edges) = sum of degree of vertex 

and because each vertex of graph is of at least degree 2 
with 35 edges we get 

2 (35) = sum of degree of vertex 

          2 2 .... 2≥ + + +  

          = 2n 

which gives  n 35≤  

45.  The spheres 2 2 2x + y + z = 25 and  

  2 2 2x + y + z – 24x – 40y – 18z + 225 = 0    

  ieessues 2 2 2x + y + z = 25  leLee 

  2 2 2x + y + z – 24x – 40y – 18z + 225 = 0   
 (a) Do not intersect/ØeefleÛÚso veneR keâjles nw  
 (b) Intersect in two points/oes efyevogDeeW hej ØeefleÛÚso 

keâjles nw  
 (c) Touch internally/Devle: mheMe& keâjles nw 
 (d) Touch externally/yee¢ele: mheMe& keâjles nw 
Ans. (d) : Given spheres can be written as  

(x – 0)
2
 + (y – 0)

2
 + (z – 0)

2
 = (5)

2
 and        ....(i)  

(x – 12)
2 
+ (y – 20)

2
 + (z – 9)

2
 = (20)

2
         ....(ii) 

Sphere (i) has centre C1 = (0, 0, 0) and radius r1 = 5 

and Sphere (ii) has centre C2 = (12, 20, 9) and radius r2 

= 20  

∴ Distance between both the centres  

   C1C2 = ( ) ( ) ( )2 2 2
12 0 20 0 9 0− + − + −  

           =  144 400 81+ +      

           = 625  

           = 25 

and sum of both the radius r1 + r2 = 25  

 ⇒ C1C2 = r1 + r2  

 ⇒ both the spheres touch externally.  
46.  If A and B are measurable subsets of interval 

[a, b], then which of the following is correct?  
  Ùeefo A Deewj B Deblejeue [a, b], kesâ cesÙe GhemecegÛÛeÙe 

nes, lees efvecveefueefKele ceW keâewve mener nw  
 (a) A ∪ B is not measurable/cesÙe A ∪ B veneR nw  
 (b) A ∩ B is not measurable/cesÙe A ∩ B veneR nw  
 (c) A ∪ B and A ∩ B both are measurable/ A ∪ 

B leLee A ∩ B oesveeW cesÙe nw 
 (d) Neither A ∪ B nor A ∩ B are measurable/ve 

lees A ∪ B ve ner A ∩ B cesÙe nw  

Ans. (c) : I. A countable union of measurable sets is 

measurable. 

II. A countable intersection of measurable sets is 

measurable.  

47.  Solution of the integral equation 

  ( ) ( ) ( )∫
x

0

y x = x + sin x – t y t dt is  

  meceekeâue meceerkeâjCe ( ) ( ) ( )∫
x

0

y x = x + sin x – t y t dt 

keâe nue nw 

 (a) ( )
2

x
y x x

3
= +   

 (b) ( )
3

x
y x x

6
= −  

 (c) ( )
3

x
y x x

6
= +  

 (d) ( ) 2 3
y x x x= +  

Ans. (c) : y(x) = x + ( )
x

0
sin x t y(t)dt−∫  

[ ] [ ]L y(x) L x sin x y(x)= +   (by Convolution theorem) 

L [ ] [ ] [ ] [ ]y(x) L x L sin x L y(x)= +  

⇒ L [ ] [ ]{ } [ ]y(x) 1 L sin x L x− =  

⇒ L [ ] [ ]
[ ]

L x
y(x)

1 L sin x
=

−
 

⇒ L [ ]
2

2

1/ s
y(x)

1
1

1 s

=
−

+

 

⇒ L [ ]
2

2 2

1/ s
y(x)

s /1 s
=

+
  

⇒ L [ ]
2

4

1 s
y(x)

s

+
=  

⇒ L [ ] 4 2

1 1
y(x)

s s
= +   

⇒ y(x) = L
–1 1

4 2

1 1
L

s s

−   +   
   

 

⇒ y(x) = 
1

3!
 x

3
 + x  

⇒ y(x) = x + 
3x

6
 

48.  If L (F(t)) = f (s), then L (t
n
F(t)) is equal to   

  Ùeefo L (F(t)) = f (s), lees L (t
n
F(t)) keâe ceeve nw 

 (a) ( ) ( )( )
n

n

n

d
1 f s

ds
−   (b) ( )( )

n

n

d
f s

ds
  

 (c) ( ) ( )( )
n

n 1

n

d
1 f s

ds

−
−  (d) ( ) ( )( )

n
n 1

n

d
1 f s

ds

+
−  

                            11 / 16


